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Neutron stars 

Challenging physics: all the fundamental forces at the extreme

Gravity:	

Electromagnetism:	

Strong	Interactions:	

Electroweak	Interactions:	

holds	the	star	together

makes	pulsars	pulse	and	magnetars	flare	

determines	the	internal	composition

affects	the	reaction	rates



Studying	the	oscillation	modes	of	the	star	can	give	us	very	valuable	information	on	the	star’s	
interior	(similar	to	helioseismology).	

Here	we	will	concentrate	on	the	so	called	r-modes	(to	be	defined	later	on)



Neutron stars interior are modeled with hydrodynamical  
equations, which are the  expressions of the conservation laws 
of the system (energy, momentum and mass/particle number) 

These are very generic, however the associated transport 
coefficients  strongly depend on the microscopic physics  



Transport coefficients 
(Shear and Bulk) viscosity: 
resistance to gradual deformation  
by shear stress or tensile stress  

		

Thermal conductivity: 
property of a material to conduct heat

Electrical conductivity: 
measures a material’s ability  
to conduct an electric current



Collision integral C(f): 

For mutual collisions 

Continuity equation (Liouville’s theorem):  Boltzmann equation

TRANSPORT EQUATIONS

f(t,~r, ~p) Classical	probability	distribution	function	of	finding	a	particle	in	that	point	of		
phase	space

d⌧ ⌘ d3~p

(2⇡~)3



Boltzmann transport equation 
(microscopic properties) 

Hydrodynamics equations 
(macroscopic properties)

L >> l distance of 
change

mean free path  

collision 
invariants from micro to 

macro 
variables

and integrate  
over dτ

NOTE that



 Linearization of the transport equation
Approximation method to solve the non-linear integro-differential Boltzmann equation

A) Linearization of the collision term (RHS linearization)

with	χ			
that	obeys

so the collision term C(f) 

 

if
conservation of energy, 
momentum and particle density



B) Second linearization (LHS linearization)
- Analysis of the linear response to external fields or temperature gradients: 
additional linearization with respect to the “driving gradients” à χ is linear in the 
“driving gradient” 
- The gradient terms of the LHS may be approximated by replacing f by f0 and 
expanding these terms to first order in the gradients 

for a moving gas

 and  
calculate

The linearized Boltzmann equation reads
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 Transport coefficients
Transport coefficient: response of the system to some external perturbation

 Thermal conductivity Property of a material to conduct heat

using so the thermal conductivity

How to compute κ? Relaxation time approximation:



 Shear and bulk viscosities Resistance to a gradual deformation  
by shear/tensile stress

shear viscosity bulk viscosity

+ relaxation time approximation

Shear viscosity                                    Bulk viscosity                   
	



Quantum systems: similar transport equations can be derived  

Rigorous derivation has to be carried out from quantum field 
theory; but semi-classical equations can also be obtained in 
most cases

f0(E) =
1

e(E�µ)/kT ± 1
Bose-Einstein

Fermi-Dirac

Quantum statistics effects taken into account also in writing the collision term, to fulfill 
requirements of quantum statistics



Drastic changes when superfluidity and superconductivity occur

n-n and p-p interactions become attractive in some range  
of densities. 

Cooper pairs of < nn> and <pp> are formed

It costs energy to break Cooper pairs E =

r
(
p2

2m
� µ)2 +�2

Minimal effects on the EoS of the star, but very relevant effects on both the  
hydrodynamical equations and on the transport coefficients!

⇠ e��/T



superfluid component: no dissipation

normal component: dissipative processes are possible

Superfluidity in non-relativistic systems

Hydrodynamics complicated: two-fluid model 
( gives account of second sound )

Appears after the quantum condensate (either bosonic 
or fermionic)
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One can define more transport coefficients than in a  
standard fluid

(⇤, ⇥, �1, �2, �3)

Superfluids in rotation: appearance of quantized vortices

Hydrodynamical eqs: conservation laws + eq. for vs
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Hydrodynamical equations for the superfluid
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Explicit values of the different transport coefficients depend  
on the microscopic composition of the star (determined also 
by the EOS) 

But also important is to know how the medium affects the 
properties of the microscopic constituents and their interactions 
 

Flowers	and	Itoh	‘76	’79;	Cutler	&	Lindblom	’87	
Shternin	and	Yakovlev	’08		

Sawyer‘89;	Haensel	&	Schaeffer’92;	Haensel,	
Levenfish	&	Yakovlev	‘00	‘01	



CORE
Outer core extends in a density range 0.5 ρ0≤ρ≤2ρ0 and can be several kilometers 
deep. It is mainly composed of neutrons with some admixture of protons, electrons 
and muons. Neutron superfluidity and proton superconductivity are expected. 

Inner core can be several kilometers in radius and have a central density as high 
as 10-15 ρ0. The composition and equation of state of the inner core are poorly 
known.

Fridolin Weber

n0 = 0.16 fm�3

⇢0 = 2.8 · 1014 g cm�3



Non-superfluid  cores composed by beta-stable n,p,e, matter

Shear	viscosity	dominated	by	e Thermal	conductivity	dominated		by	n	

Shternin, Baldo, Yakovlev, ‘13



Superfluid  cores composed by beta-stable n,p,e, matter

Transport dominated by e 

But one has to properly take into 
account that the electromagnetic  
superconductivity affects all the interaction  
rates! 



Shear	viscosity	dominated	by	e,	but	superconducting	media	has	an	effect	
on	their	interactions!!!



Bulk viscosity	

For astrophysical applications we need its value as a function of the frequency 
of the disturbance; 
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Haensel,	Levenfish	
and	Yakovelev,	‘00

Dominated by 
direct Urca 
Processes at high 
densities

n ! p+ l + ⌫̄l

p+ l ! n+ ⌫l

Or	indirect	Urcra	processes	at	lower	
densities	(same	as	above	but	with	an	
additional	nucleon)



In	superfluid	neutron	cores	
the	bulk	viscosity	is	very		
Suppressed



Shear viscosity
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complicated function of gap

Manuel and Tolos ‘11 ‘13

Manuel, Tarrus and Tolos ‘13

Manuel, Sarkar, Tolos ‘14

in the inner core of 
superfluid neutron stars

Contribution	due	to	the	superfluid	phonons



Ungapped	quark	matter	
in	beta	equilibrium

Shear	viscosity	dominated	by	quark-quark	matter,	mediated	by		strong	interactions
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	Bulk	viscosity	dominated	by	electroweak	
processes



4.3. Bulk Viscosity in Normal Phase 69
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Figure 4.3: (Color online) The bulk viscosity for the normal phase of three-flavor

quark matter as a function of the temperature for several fixed values of the fre-
quency of density oscillations. Results for set B are shown in the upper panel and

those for set A in the lower panel.



Quark matter Alford, Schmitt, Rajagopal and Schaefer ‘08

Manuel & 
Llanes-Estrada ‘07

comparison of bulk viscosity for CFL  
with other phases

there are different phases, such as CFL phase,  
where all three colors and up, down and strange flavors 
form conventional zero-momentum spinless Cooper pairs 

CFL phase 
-free-parameter predictions of QCD at  
very large densities and rigorous consequences of  
QCD in terms of few phenomenological parameters 
at low densities 

-all quark modes are gapped and relevant excitations are  
Goldstone modes (phonons) for  
thermal conductivity and viscosities 
(φ<->φφ  φφ<->φφ processes) 

            Manuel et al ‘05 
 Shovkovy & Ellis’02 

- electrical conductivity in CFL matter is dominated by  
electrons and positrons (Shovkovy & Ellis ’03) 



CRUST  Chamel & Haensel  ’08 
Page & Reddy  ‘12 cold non-accreting neutron star:  

ground state structure
Composed of matter at sub-nuclear density (ρ ≤ 1014 g/cm3) 
occupying the outermost 1-2 km region of the star 
Outer crust: ionized nuclei in a degenerate electron gas 
Inner crust: neutrons drip out from nucleus.  
In shallower regions, spherical neutron-rich nuclei  
are embedded in a neutron superfluid. In deeper  
regions, non-spherical (“pasta”) phases appear 

Generalities: 
-Electrons are strongly degenerate forming a dilute quasi-ideal gas of “electron 
excitations”  
-Electrons interact with nuclei (equivalent to the scattering of electrons with a dilute gas of 
phonons), electrons and impurities in the crystal lattice 
-The “screened” Coulomb interaction can be treated as small perturbation 
-Analysis via the Boltzmann equation 

where Ie[f]=IeN[f]+Iee[f]+Iimp[f], being the scatterers uncorrelated 
- First approximation: relaxation time approximation 

- Second approximation: Matthiessen rule (sum of frequencies of different scattering 
processes) 



Thermal (κ) and electrical (σ) conductivities

Outer crust: main carriers of transport are  
electrons scattering with ions 

For low temperatures, impurities dominate 
Inner crust: the neutron gas plays a role 

with κn (κn
diff,κn

conv in superfluids) 

Electron-electron might also be more important than electron-ion interactions 
(Shternin & Yakovlev ‘06) 

non accreting neutron star

non accreting neutron star

Chamel and Haensel  ’08



Remarks on inner crust

dynamics is dominated by electrons 
and lattice phonons (coherent motion 
of the clusters of protons located in 
neutron-rich nuclei). Another 
ingredient is superfluid phonons.  

Conductivity and viscosity 
- electron Umklapp scattering off the ion 
lattice is efficient for typical 
temperatures of interest 
-at low temperature when Umklapp 
scattering is suppressed, electron-
impurity scattering will likely dominate 

Page & Reddy  ‘12

Umklapp

Specific heat (thermal property) 
ion, electron and neutron contributions 



r-modes in rotating neutron stars 
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Radiation

R-modes are fluid waves on rotating stars.

 In the frame of reference of the star they 
appear to move backwards.

 G.W.'s emission causes these r-modes to grow and the 
star to spin down!

G.W. take away both energy and
 angular momentum



Rotation frequencies of 
observed pulsars versus 
their approximate spin-
down age from the ATNF 
pulsar catalogue 
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r-mode instability window 
r-modes can be damped by dissipative process 

instability window can be used to constraint the internal 
structure of the star

⌧GW(⇢,⌦) = ⌧damp(⇢, T )
Andersson and Kokkotas, `00

PK ⇡ 0.8msPK ⇡ 0.8ms

PK ⇡ 0.8ms

jueves, 24 de abril de 14



Texto

 instability window (only shear)
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If one assumes a rigid crust, the fluid motion has to 
drop to 0 at the base of the crust (the region beneath 

the crust is the Eckman layer)

... but there should be some “slippage” between crust 
and core that reduces this effect

jueves, 24 de abril de 14



Ho and Andersson,   2012

most LMXB seem to be in
the unstable zone !! 

missed damping??

wrong composition?? 

r-mode balanced by 
accretion ??

jueves, 24 de abril de 14



Hyperons might alter the r-mode instability window through non-leptonic 
Interactions 

n+ n $ p+ ⌃�

n+ p $ p+ ⇤

n+ n $ n+ ⇤

Lindblom,	Owen,	02



Alford and Schwenzer 2013

r-mode instability window
for (non-superfluid) quark 

matter 

jueves, 24 de abril de 14



● analysis complicated: 2-fluid hydrodynamics

Madsen, 00; Sa’d 08; Jaikumar, Rupak, Steiner 08

and vortex  dynamics; 
we will work in the non-relativistic limit!

● There are two different regimes

T < 0.01 MeV  ~ m.f.p. > R no thermal phonon fluid!➔

T > 0.01 MeV  ~ m.f.p. < R ➔ one has a thermal fluid!

R-mode instabilities in a CFL quark star



CFL Superfluid in rotation

Vortices appear, with quantized circulation

� =
2⇤

µ

Area density of vortices Nv =
2�
�

high velocity, low pressure

low velocity, high pressure

lift force

r
0

Figure 1: Magnus (lift) force. It is derived from the momentum balance
inside a cylinder of radius r0.

6

Magnus force

FM = �⇥s(vs � vL)⇥ ẑ

Superfluid flow produces a 



We studied the phonon-vortex scattering, using a gravity analogue model
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Figure 3: Scattering of a sound wave by a vortex.

However, due to a very slow decrease of the velocity vv ∝ 1/r far from
the vortex, the scattering amplitude is divergent at small scattering angles
ϕ → 0:

lim
ϕ→0

a(ϕ) = −
!

k

2π

κ

cs
ei π

4
1

ϕ
. (49)

This divergence is integrable in the integral for the transport cross-section,
Eq. (47), and its calculation is reliable. Contrary to it, the integrand in
Eq. (48) for the transverse cross-section has a pole at ϕ = 0. The principal
value of the integral vanishes, but there is no justification for the choice
of the principal value, and the contribution of the small angles requires an
additional analysis.

At small scattering angles ϕ ≪ 1/
√

kr the asymptotic expansion Eq.
(44) is invalid, and one cannot use the differential cross-section or the scat-
tering amplitude for description of the small-angle scattering [4, 5, 9, 34].
Meanwhile, the small-angle behavior is crucial for the transverse force as
demonstrated below. The accurate calculation of the integral in Eq. (40) for

17

It can be studied  with different 
techniques (Fetter 64, etc)

The scattering of quasiparticles produces a force on the vortex

FN = D(vn � vL) + D�ẑ⇥ (vn � vL)

D = ⇥⇤cs�n , D� = ⇥⇥cs�n



At equilibrium, balance of forces on a vortex

FN + FM = 0

vL = vs + ��(vn � vs) + �ẑ⇥ (vn � vs)

Force of the vortex on the superfluid component 
mutual friction force

FSN = �Nv⇥⇤s�(vs � vn) + Nv⇥⇤s�
�[ẑ⇥ (vs � vn)]

Vortices are “mediators” 
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Mutual friction in the CFL and r-modes 

r-modes in compact stars: growth time scale
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This suggests that if a CFL quark star exists with 
stable r-modes, a crust is needed

crust made of crystalline 
quark matter 


