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Motivation
• Understanding stellar convection
• Predict stellar spectra
• Predict stellar/solar oscillations 
(helio-/asteroseismology) 
• Improved stellar parameters and abundances
• Improved stellar evolution (e.g. calibrate MLT)
• Applications to astrophysics (e.g. exoplanets, 
Galactic archaeology, cosmology)
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12 2. Methods

Figure 2.1: Eulerian mesh of the solar simulation with the geometrical extent of 8 × 8 × 4Mm (large
blue rectangular box). Notice the equidistant horizontal spacing, while the vertical one is resolving the
photosphere enhanced. Furthermore, we illustrate also an enlarged view of an individual cell (small box).
Scalar values (ρ , ε) are defined at the cell center (black dot), while the vectorial momentum and magnetic
fields are located at the cell faces (red circles), and the electric field at the cell edges (blue dots).

equations and, at the same time, kept small enough to reduce their smoothing of the flow’s structures. The
same optimized values of the parameters are then applied to all other simulations in the grid.

The version of the STAGGER-code we used for this work is fully MPI-parallel. The parallelization
scales well with the number of cores. For this project, the simulations were typically run on 64 cores.

2.1.2 Geometrical properties

The setup of the simulations is of the so-called box-in-a-star type: the domain of the simulations is limited
to a small representative volume located around the stellar photosphere and including the top portion of the
stellar convective envelope. The boundary conditions of the simulation box are periodic in the horizontal
directions and open vertically. In Fig. 2.1 we illustrate the numerical mesh of the solar simulation (notice
the non-equidistant vertical resolution). Gravity3 is assumed to be horizontally and vertically constant over
the whole extent of the box, i.e. g⃗(x,y,z) = (0,0,g), neglecting sphericity effects. However, since the size
of the simulation domains correspond to only a fraction of the total radii of the stars (0.4% of the solar
radius for the solar simulation, and ∼ 10% for a typical red giant simulation with logg = 1.5) such effects
can be regarded as small for the purposes of the current grid of models. Also, for simplicity, the effects
of stellar rotation and associated Coriolis forces4 are neglected in the present simulation setup, as it would
add two more dimensions to the grid.

At the bottom, the inflowing material has a constant value of specific entropy per unit mass, which
ultimately determines the emerging effective temperature. While the domains of our simulations cover
only a small fraction of the convective zone, the box-in-a-star setup is still valid because the bulk up-flows
at the bottom boundary of the simulations carry essentially the same entropy value as in deeper layers and
are mostly unaffected by entrainment with cooler downflows. At the beginning of each simulation, the

3The surface gravity, logg, is the external force term in the momentum equation (see Eq. 1.2).
4F-plane rotation is included in large super-granulation simulations of the Sun (see Stein et al., 2006, 2009).
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Interaction between convection and oscillation from 
3D model 
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of Kjeldsen et al. 2008). These amplitudes are completely consis-
tent with the detection of oscillations in Procyon byWIRE (Bruntt
et al. 2005) and with the upper limit set byMOST (Matthews et al.
2004; Bedding et al. 2005).

The standard deviation of the 10 segments in Figure 10 is
!A/A ¼ 10:4% " 2:3%, which reflects the finite lifetime of the
modes. We can use equation (3) from Kjeldsen et al. (2008) to
estimate the mode lifetime, but we must account for the much
greater width of the oscillation envelope in Procyon. Note that
this equation was established empirically and we have confirmed
it analytically using the work of Toutain & Appourchaux (1994).
We estimate the mode lifetime to be " ¼ 1:5þ1:9

$0:8 days. This equals,
within rather large uncertainties, the solar value of 2.9 days (e.g.,
Chaplin et al. 1997).

5. CONCLUSIONS

We have presented multisite velocity observations of Procyon
that we obtained with 11 telescopes over more than 3 weeks.
Combining data that spans a range of precisions and sampling
rates presents a significant challenge.When calculating the power
spectrum, it is important to use weights that are based on the mea-
surement uncertainties, otherwise the result is dominated by the
noisiest data. We have described in detail our methods for adjust-
ing the weights in order to minimize the noise level in the final
power spectrum.

Our velocity measurements show the clear signature of oscil-
lations. The power spectrum shows an excess in a plateau that is
centered at 0.9 mHz and is broader than has been seen for other
solar-type stars. The mean amplitude of the radial modes is
38:1 " 1:3 cm s$1 (2:04 " 0:10 times solar), which is consistent

with previous detections from the ground and by theWIRE space-
craft, and also with the upper limit set by the MOST spacecraft.
The variation of the amplitude during the observing campaign
allowed us to estimate the mode lifetime to be 1:5þ1:9

$0:8
days.

We also found a slow variation in the radial velocity of Procyon,
with good agreement between different telescopes. These variations
are remarkably similar to those seen in the Sun, and we interpret
them as being due to rotational modulation from active regions
on the stellar surface. The variations appear to have a period of
about 10 days, which presumably equals the stellar rotation period
or, perhaps, half of it. The amount of power in these slow var-
iations indicates that the fractional area of Procyon that is covered
by active regions is slightly higher than for the Sun.

The excellent coverage of the observations and the high signal-
to-noise ratio should allow us to produce a good set of oscillation
frequencies for Procyon. This analysis will be presented in subse-
quent papers.
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Fig. 10.—Smoothed amplitude curves for Procyon from 10 2 day segments of
the combined time series (thin lines), together with their mean (thick line).

Fig. 11.—Smoothed amplitude curves for oscillations in Procyon and other
stars.
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The estimated values of ò have already been shown in
Figure 3. For the estimation of ò, it should be noted that this
value is strongly anti-correlated with nD , and a small change in
nD can thus induce a significant change in ò (White et al.

2011b). This will especially take effect if the estimate of nmax is
off, because nmax defines the pivoting point for the change in
dn01 , dn02 , and the curvatures. Like White et al. (2011b), we see
an offset between the estimated ò and those obtained from
model tracks, which is ascribed to the effects of the incorrect
modeling of the stellar surface layers. In Figure 3, we show the
ò-tracks adopted from White et al. (2011a), which were
computed from evolutionary tracks from the Aarhus STellar
Evolution Code (ASTEC; Christensen-Dalsgaard 2008),
neglecting diffusion and core overshoot and with Z0=0.017.

It should also be noted that the ò from models were derived in a
slightly different manner than used here, as described by White
et al. (2011a). We therefore also estimated the values for nD
and ò using the White et al. (2011a) method, namely from a
weighted fit of the asymptotic function in Equation (10) to the
radial mode frequencies as a function of radial order n, and
with weights given by a Gaussian with an FWHM of 0.25 n .max
Comparing the values for nD and ò from the fit of Equation (10)
versus Equation (27), we only find minor differences in
estimated values. For nD the maximum absolute difference
was ∼0.36 μHz, with no systematic differences; for ò a
maximum difference of ∼0.14 was found, and again with no
systematic differences.
In Figures 10 and 11, we show the estimated values for the

separations dn01 and dn02 , together with their gradients in n (or
frequency); the results for dn02 in Figure 11 are given in
the form of a modified C–D diagram (see Christensen-
Dalsgaard 1993; White et al. 2011a, 2011b, 2012). Because
all values for the changes in dn01 and dn02 are either zero or
negative, we see that the small separations are virtually all
decreasing functions of frequency. In Figure 11, we show again

Figure 15. Top: comparison between Amax obtained from the smoothed
amplitude spectrum following the procedure by Kjeldsen et al. (2008a) with
those obtained from the individual mode amplitudes. The different markers
indicate the value of c used to convert the maximum smoothed amplitude to
amplitude per radial degree mode. The dashed line gives the 1 : 1 relation.
Bottom: relative offset between the two amplitude measures, with the zero
offset given by the black dashed line. The blue dashed–dotted line indicates the
median −6% offset between the amplitudes, which is found to be the same for
both values of c.

Figure 16. Radial mode line widths against a proxy for the radial order, with
the color indicating the Teff . For a better visualization, the line widths have been
smoothed with a five-point Epanechnikov filter.

Figure 17. Radial mode line widths as a function of frequency for KIC
12258514 (top), KIC 6116048 (middle), and KIC 12069449 (bottom). For all
three stars, the line widths are best fit with the Lorentzian included in
Equation (30), this fit is indicated by the full red lines; the dotted line gives the
power-law component of the fit. The shaded dark and light blue regions
indicate the 1 and 2σ credible regions of the fits. The dashed vertical lines give
the nmax values.
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Apply to solar-like oscillators 
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Mode excitation 
in the Sun 

Observation: Chaplin et al. 1998 
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Solar linear 
damping rate 

Observation: Chaplin et al. 1998 
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Artificial driving simulations 

  

Pbot = Pbot,0 1+ ε sinωdrivet( )
sbot = sbot,0 +O(ε 2 )

Drive a radial mode by 
perturbing the bottom 
boundary condition: 

Driving period  
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Observation: Kjeldsen et al. 2008 
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Observation: Lund et al. 2017 

KIC 6225718 
Teff [K] logg 

6230 4.32 

  
V =

2Pexc

Mmodeη
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Procyon 

Procyon mean line width: Bedding et al. 2010; KIC line width: Lund et al. 2017 

star Teff [K] logg 

Procyon 6543 4.0 

KIC 
12317678 

6580 4.05 
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β Hydri 
star Teff [K] logg 

β Hydri  5873 3.98 
KIC 7747078 5903 3.91 

β Hydri Observation: Bedding et al. 2007; 
KIC line width from Yaguang Li 



δ Eri 

KIC line width from Yaguang Li 

star Teff [K] logg 

δ Eri 4954 3.76 
 KIC 5689820 5037 3.76 

Observed mode amplitude data from Torben Arentoft, 
provided by Earl Bellinger and Tim White 



Summary 
�  Mode excitation, damping & 
amplitude computed from 3D models 
 
�  Relationship between excitation, 
damping and stellar parameters 
 
�  Seismic scaling relations can be 
quantified from 3D convection 
modelling 

Motivation
• Understanding stellar convection
• Predict stellar spectra
• Predict stellar/solar oscillations 
(helio-/asteroseismology) 
• Improved stellar parameters and abundances
• Improved stellar evolution (e.g. calibrate MLT)
• Applications to astrophysics (e.g. exoplanets, 
Galactic archaeology, cosmology)
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vvert (Rphot ) ∝ε

δ Pnad ∝ε
δρ ∝ε

Why so 
complicated? 



Discussion: line width 
directly from simulation 
modes?  
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Fig. 2. Power spectrum of the vertical velocity at the photosphere, nor-
malized by its maximum value, as a function of the frequency.

described in Sect. 2, we consider horizontal averages of the sim-
ulation for the physical quantities.

3.1. Mode profiles and fitting procedure

We Fourier transform the time-series described in Sect. 2 using
a Fast Fourier Transform algorithm. As shown by Fig. 2, one
can clearly distinguish three normal modes with a Lorentzian
profile that is characteristic for solar-like oscillations. Indeed, in
the time series, the vertical velocity of a radial solar-like mode
can be written as

vosc(!0) = !0 A ⇠r(r) cos (!0t � �) e�⌘t, (1)

where A is the amplitude at t = 0. The observed signal is a sum
of many such terms, each with their own amplitude and zero-
point of time, and also phase. ⇠r is the radial displacement eigen-
function, !0 = 2⇡⌫0 is the pulsational eigen-frequency, t is the
time, ⌘ is the damping rate, and � the phase.

In the power spectrum, for ⌫ ⇡ ⌫0, the Fourier transform of
Eq. (1) can be approximated by a Lorentzian function such as
(e.g. Baudin et al. 2005; Appourchaux 2014)

���bvosc
���2 =

H

1 + x2 , with x = 2(⌫ � ⌫0)/�, (2)

and H stands for the mode height, � is the mode linewidth that
is related to the mode damping rate through � = ⌘/⇡. The mode
height is subsequently related to the mode amplitude and mode
linewidth by (e.g. Samadi 2011)

v2
osc = ⇡H �. (3)

Therefore, a normal mode in the Fourier spectrum can be char-
acterized by several quantities. First, through the global quanti-
ties (that do not vary with depth), that is frequency and mode
linewidth. Second, through the mode height and phase which
depend on the location in the simulation.

We then fitted the power spectrum of the vertical component
of the velocity by means of the maximum-likelihood estima-
tor (see e.g. Toutain & Appourchaux 1994; Appourchaux et al.
1998). Each mode is fitted separately using a constant back-
ground. The global parameters, that is mode frequencies and
linewidths, are obtained by performing a simultaneous fitting
in several layers. For the fundamental mode of the simulation

Table 1. Global characteristics of the three normal modes as displayed
in Fig. 2.

Mode ⌫0( µHz) �⌫0( µHz) �( µHz) ��+( µHz) ���( µHz)

1 2397.95 0.42 – – –
2 3540.41 0.98 50.00 2.17 2.08
3 4955.14 4.39 319.28 14.08 13.48

Notes. ⌫0 is the central frequency, �⌫0 is the error on the frequency, �
is the mode linewidth, and ��+,��� are the upper and lower errors on
the mode linewidth, respectively. We note that the first mode (mode 1)
is not resolved so that the only constraint we get is that its linewidth is
lower than the frequency resolution, i.e. �  25 µHz.

(hereafter mode 1), we consider all layers except near the upper
and bottom boundaries.

The results for the frequencies and linewidths are summa-
rized in Table 11. We note that the linewidth of mode 1 is not
provided since it is lower than the actual resolution (which is
about 25 µHz). We also emphasize that although the values of
the global parameters in Table 1 are precise, due to the relatively
short duration of the simulation, it is di�cult to obtain accurate
results. Indeed, as shown for instance by Appourchaux (2014),
the determination of mode linewidth is subject to many biases.
For example, an overestimation of the mode height leads to an
underestimation of the linewidth. Therefore, the values provided
in Table 1 should be considered with care and are only intended
to provide order of magnitudes.

To obtain the mode height and phase we consider the fre-
quency bin with the largest power, near the eigen-frequency.
We note that inferring those quantities from fits at each layer
within the simulation is possible, but it provides much more
noisy results. Figure 3 displays the mode velocity power den-
sities (top panel) and mode phases (bottom panel) as a func-
tion of depth. The first mode corresponds to the fundamental
mode with no node, while the second and third mode exhibit
one and two nodes, respectively. We note that both for the mode
velocity power densities and phases, there is a rapid variation
near the peak of the super-adiabatic gradient which is typical for
non-adiabatic e↵ects. Indeed, this feature is the result of a rapid
variation of the entropy perturbations (e.g. Belkacem et al. 2011;
Samadi et al. 2012).

3.2. Comparison with adiabatic oscillations of a solar 1D
model

We can even go a step further and identify the normal modes
of the simulation with the observed modes. Indeed, as already
shown by Stein & Nordlund (2001), it is possible to compare and
identify the 3D modes with modes computed with a standard 1D
model. To this end, one has to identify modes that exhibit a node
at the bottom of the simulation and compare the mode velocity
profiles. To do so, the velocity of the normal modes of the sim-
ulation is computed in the Fourier domain using Eq. (3) for the
amplitude. For the first mode, we used the spectral resolution
instead of the linewidth since it is not resolved.

For consistency, we thus compute a 1D solar model that
matches both the solar gravity and e↵ective temperature but
also the mean temperature at the bottom of the 3D numerical
simulation. This model has been obtained using the CESTAM

1 Internal errors are computed from the Hessian matrix as described in
Press et al. (2002).
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Mode Frequency  Line width 
1 2398 µHz 
2 3540 µHz 50 µHz 
3 4955 µHz 319 µHz 

Too large! 



Discussion: line width directly from simulation 
modes?  
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Mode Frequency  Line width 
1 2398 µHz 
2 3540 µHz 50 µHz 
3 4955 µHz 319 µHz 

Reason: small mode mass (per 
unit area) in the simulation box 
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modes?  
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Conclusion: Yes, but Γ at only 2-3 frequencies. 


