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Assumption: NonPerturbative OPE
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Organizing the computation using superasymptotic and hyperasymptotic
approximations allows for a parametric control of the error.

Observable(
Q

!QCD
)!

N!

n=0

p(X)
n (

µ
Q
)!n+1

X (µ) " O(!N+2
X )

but with large coefficient!!
Truncate the sum at the minimal term # superasymptotic approximation:

N = NP $ |d | 2"
#0!X (µ)

"
1 ! c !X (µ)

#
,

Observable(
Q

!QCD
)!

NP!

n=0

p(X)
n (

µ
Q
)!n+1

X (µ) " O(e!|d| 2!
"0#X (Q) )

Hyperasymptotic approximation to the OPE: pole mass, plaquette and static potential Antonio Pineda



Applications
! Bottom “pole” mass

mb,PV(4.186GeV) = 4836(µ)+8
!17(Zm)

!11
+12 (!)

+8
!9 MeV .

!̄PV = 477(µ)!8
+17(Zm)

+11
!12(!)

!8
+9 MeV .

! Top “pole” mass

mt,PV(163GeV) = 173033(th)+25
!28(!)

+119
!123 MeV ,

[
mt,PV

mt
! 1]" 105 = 6155 (th)+15

!17 (!)
+73
!75 .

! Plaquette # confirmation of the OPE and determination of the gluon
condensate:

$G2%PV(nf = 0) = 3.15(18) r!4
0 .

! Static potential # determination of the strong coupling constant:

!(nf =3)
MS

= 338(12) MeV !(Mz) = 0.1181(9).
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B0 ! K⇤0µ+µ� ! K+⇡�µ+µ�Consider

Overlooking Lepton Flavor Universal New Physics in                  
Pere Masjuan (masjuan@ifae.es),  [arXiv: 1809:08447] + [arXiv: 1902:04900] + [arXiv: 1903:09578]

Coherent deviation in Lepton Flavour 
Dependent and Lepton Flavour Universal

b ! s``



Are we overlooking LFU?

Constrained 2D Fit (inspired from 4D+3D)

2D: CV
9µ = �CV

10µ, CU
9 = CU

10

SM excluded at 6.0σ
Τhe two coefficients uncorrelated

LFUV prefers V-A structure while LFU a V+A

2

[Algueró et al, 1809.08447]

LFUV observables explained by CV
i`

LFD observables explained by CV
i` + CU

i



Updated results

3

2018

[arXiv: 1903:09578]

Impact of Morion’s results from March 2019



Updated results
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Assuming loop-level scale 
of NP and no MFV
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Scenario 6:

{CV
9µ = �CV

10µ , CU
9 = CU

10}

LFUV-NP

⇤LFUV
i ⇠ 3.9TeV

⇤LFU
i ⇠ 4.6TeV

Lq ⌦ Ll

Lq ⌦RlLFU-NP

⇤LFU
i ⇠ 3.3TeV
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Scenario 8:

{CV
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10µ , CU
9 }

LFUV-NP Lq ⌦ Ll

LFU-NP

[arXiv: 1903:09578]Impact of Morion’s results from March 2019



Updated results

5

Scenario 8: b ! c⌧⌫b ! s``

[arXiv: 1903:09578]

(dim. 6 model of an SU(2) singlet vector leptoquark)

O2322

O2333

{CV
9µ = �CV

10µ , CU
9 }

CU
9LFU      explains R(D(⇤))

LFUV                    explainsCV
9µ = �CV

10µ b ! s``
from

Inclusion of  R(D) yields a SM pull of  7�

Impact of Morion’s results from March 2019

SMEFT



Exotic Quarkonium

N. Brambilla,G. Krein,J. Tarrús, A. Vairo; Phys.Rev. D97 (2018) no.1, 016016

N. Brambilla, W-K. Lai, J. Segovia, J. Tarrús, A. Vairo; Phys.Rev. D99 (2019) no.1, 014017

J. Tarrús, G. Krein; Phys.Rev. D98 (2018) no.1, 014029

I Many states not fitting the traditional quark model have been
observed in the cc̄ and bb̄ spectrum (XYZ).

I Two main properties help us describe this exotic states
ú mQ ∫ �QCD, non relativistic heavy quarks.
ú Adiabatic expansion between the heavy quark and

gluon/light-quark dynamics.
I Analog system to diatomic molecules.
I We exploit this gaps between the scales of the system at the

Lagrangian level to build EFTs to describe this states.
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Exotic Quarkonium

N. Brambilla,G. Krein,J. Tarrús, A. Vairo; Phys.Rev. D97 (2018) no.1, 016016

N. Brambilla, W-K. Lai, J. Segovia, J. Tarrús, A. Vairo; Phys.Rev. D99 (2019) no.1, 014017

J. Tarrús, G. Krein; Phys.Rev. D98 (2018) no.1, 014029

I Lattice NRQCD static
energies:
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I Quarkonium hybrid spectrum (cgc̄) vs experimental exotics:
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Hadronic transitions in Quarkonium

A. Pineda, J. Tarrús; Phys.Rev. D100 (2019) no.5, 054021

I Two step process (multipole expansion).
I Traditional approaches based on an OPE of the octet

propagator are not well justified.
I Use that the color-octet state spectrum corresponds

to the hybrid quarkonium spectrum.
I Hadronization using the scale or axial anomaly.

Hadronization

Octet state
QQ̄QQ̄

,

S SG
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I We build an EFT with standard
(S) and hybrid (�) quarkonium
as well as pions.

I Incorporates mQ , multipole, chiral
and large Nc expansions.

ψ(2S)→ J/ψ π+π-

Υ(2S)→ Υ(1S) π+π-
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Present and future contributions to HaSP

Pablo Sánchez-Puertas

(g � 2)µ HLbL physics at IFAE

• The aµ = (g � 2)µ/2 is a sensitive probe of new physics

ath
µ = 116591810(43)⇥ 10�11 vs. aexp

µ = 116592089(63)⇥ 10�11;
aexp
µ � ath

µ = 279(76)⇥ 10�11 (3.7�)

• New experiment at FNAL �aexp
µ = 16⇥10�11

) Needs th error reduction!!

Driven by HVP & HLbL ; will discuss HLbL

aHVPµ = 6845(40)⇥ 10
�11 aHLbLµ = 92(18)⇥ 10

�11

• Among leading HLbL contributions (WP):
a⇡,⌘,⌘0
µ = 94(4)⇥ 10�11

a⇡⇡+S-wave
µ = �[15.9(2) + 8(1)]⇥ 10�11

aaxialsµ = 6(6)⇥ 10�11

aSDµ = 15(10)⇥ 10�11

• Clearly, to meet experimental errors, axials and SD needs be re-examined.



Present and future contributions to HaSP

Pablo Sánchez-Puertas

Axial-vector meson contributions to aµ in R�T

P. Roig and P. SP, PRD101 (2020) 7, 074019

• Previously {2.5(1)[BPP], 22(5)[MV], 6.4(2.0)[J], 7.6(2.7)[PVdH]}⇥ 10�11

demands careful reexamination... so we did!

• A ! �⇤�⇤: 3 form factors BUT uses Schouten Id + EOM ("A · qA ! 0).
Need HLbL Greens’ function: usually via Proca propagator ) not transverse!!

• Our proposal use R�T: good pheno and suitable to study Greens’ functions.
High-energy behavior demands 2/3 vector resonances. At LO, antisymmetric
FFs; Reconstructing HLbL Green’s function we obtain (10�11 units)

#V’s a1 f1 f 01
2 1.13(30) 3.14(6) 0.07(4)
3 0.21(4) 0.58(11) 0.015(8)

Symmetric form factor at NLO in R�T: �aaxialNLO

µ = �0.8 ⇥ 10�11

Final estimate aaxial
µ = 0.8(+3.5

�0.8)⇥ 10�11

• Recently: 22(5) Leutgeb Reban (2020); 28 Capiello et al (2020) (SDs)



Present and future contributions to HaSP

Pablo Sánchez-Puertas

Short-Distance constraints to HLbL

P. Roig, PM and P. SP, arXiv:2005.11761

• aµ sensitive to low energies, but high-energy tails might have an impact,
missing something?

• Our work: It is known hVVAi has 4 FFs, {wL (anomaly) w (+)
T

,w (�)
T

, w̃ (�)
T

}

Found new relation among wT ’s and the ⇡0 TFF guaranteeing the anomaly
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2)w
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2 , 0) ⇠ subtraction (not a constant ⇡0 TFF!!)
Remainder piece: w (+/�)

T
(q2

1 , q
2

2 , q
2

12)� w (+/�)
T

(q2

1 , q
2

2 , 0) (as if subtracted)

• Back to HLbL, many implications and aplications:
) Axial contributions: trans.+long. = pheno(pole) + anomaly(model)
) Can estimate heavy axial FFs parameters
) Outlook (I): consider mq 6= 0 and role of heavy pseudoscalars
) Outlook (II): model anomaly part



Present and future contributions to HaSP

Pablo Sánchez-Puertas

D+ ! K�⇡+⇡+
and D+ ! K�⇡+`+⌫ decays

RE, PM and PSP, in progress

• Building on Boito&Escribano PRD80, (2009): now combined analysis.

d̄

c
u

u
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ū
d̄
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⇡+

K�
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D+
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K�
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c
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hK�⇡+
1 | s̄�µ(1� �5)c |D+i ⇠ D+ ! ⇡+K�`+⌫

h⇡+
2 | ū�µ(1� �5)d |0i = if⇡pµ⇡2

hK�⇡+
1 | s̄�µ(1� �5)d |0i ⇠ fK⇡

0,+

h⇡+
2 | ū�µ(1� �5)c |D+i ⇠ D0 ! ⇡�`+⌫

• Challenging part: f⇡pµ
⇡2 hK

�⇡+
1
| s̄�µ(1 � �5)c |D+

i from D+
! ⇡+K�`+⌫.

Derivative picks a single FF O(m`) in semileptonic decays, but use of Ward Id

• Taking exp par BES3(2016)+relative phase in BE ok if rescaling P/S-wave by
1.3(1)/2.2(2) factor

• D+
s ! K+K+⇡� straightforward: CKM and f⇡ ! fK : excellent! fact test!

• Outlook: improve exp. S-wave description based on Bernard et al PLB638
(2006)



Theoretical analysis of the doubly radiative decays 
 and η(η′ ) → π0γγ η′ → ηγγ

intermediate scalar and vector exchanges is constructive
and accounts for about 7%. The contributions to the energy
spectrum of the !0 ! "0## process are displayed in Fig. 3.
Once again, the exchange of vector mesons completely
dominates the spectrum contributing approximately with
100.4% to the total signal, while the effects of scalar meson
exchanges and their interference with the formers are
negligible with 0% and !0.4% (destructive interference),
respectively. As well as this, the $ contribution prevails
with the 78% of the total VMD signal, while the %0 and &
account for the 5% and 0%, respectively; the remaining
17% comes from the interference between the vector
resonances. Finally, the different contributions to the !0 !
!## energy spectrum are presented in Fig. 4. As expected,
the contribution to the total signal from the exchange of
vector mesons predominates again with about the 91%,

with the %0, $, and & accounting for 59%, 15%, and 1% of
the VMD signal, respectively, and the remaining 25% being
the result of their interference; interestingly, the scalar
meson effects turn out to be sizable in this process,
weighing approximately 16%, with the exchange of '
mesons dominating the scalar signal.9 The interference
between the scalar and vector mesons is destructive and
accounts for around 7% and significantly influences the
shape of the spectrum. It is worth noting the effect of using
the complete one-loop propagator for the ' exchange which

FIG. 1. Comparison between the experimental diphoton energy spectra for the ! ! "0## and !0 ! "0## and our theoretical predictions
using the empirical and model-based VMD couplings. The experimental data are taken from Ref. [23] (A2), Ref. [19] (Crystal Ball), and
Ref. [10] (BESIII).

FIG. 2. Contributions to the ! ! "0## diphoton energy spec-
trum (solid black), using the model-based VMD couplings, from
intermediate vector (dashed red) and scalar (dotted blue) meson
exchanges, and their interference (dot-dashed green).

FIG. 3. Contributions to the !0 ! "0## diphoton energy spec-
trum (solid black), using the model-based VMD couplings, from
intermediate vector (dashed red) and scalar (dotted blue) meson
exchanges, and their interference (dot-dashed green).

9A possible improvement to our prediction for the scalar
meson contribution may be possible by considering a more
sophisticated scalar scattering amplitude A"!"!!!0! [cf. Eq. (19)]
as has successfully been done for the associated !0 ! !""
decay process in Ref. [37].

ESCRIBANO, GONZÀLEZ-SOLÍS, JORA, and ROYO PHYS. REV. D 102, 034026 (2020)

034026-8

Relevant for testing the chiral expansion, probing scalar dynamics 
and searching for a hypothetical B-boson 

Not possible to reconcile our predictions for both processes 
New experimental analyses welcome!

Phys. Rev. D 102, 034026 (2020)



Theoretical analysis of the doubly radiative decays 
 and η(η′ ) → π0γγ η′ → ηγγ

manifests at them2
!! ! 0.078 GeV peak and is associated to

the """! threshold. This peak is absent should the Breit-
Wigner propagator for the # exchange have been used.
Our inability to describe the total decay widths for the

three $#0$ ! "0!! and $0 ! $!! decay processes simulta-
neously within the same theoretical framework and values
for the VMD couplings is somewhat bothersome. The
offset that appears to be affecting the diphoton energy
spectrum of the first process, $ ! "0!! [cf. Fig. 1(a)], and
consequently its integrated decay width might be linked to
a normalization problem associated to the parameter g in
Eqs. (11) and (24). One could argue, though, that this
parameter is fixed by the VP! experimental data, which is
measured nowadays to a high degree of accuracy and leads
to satisfactory predictions for the other two processes, i.e.,
$0 ! "0!! and $0 ! $!!, and, therefore, should not be
changed. Despite this, an attempt has been made to assess
the preferred value for the parameter g by the experimental
data available from Ref. [23] (A2), Ref. [19] (Crystal Ball),
and Ref. [10] (BESIII) for the two $#0$ ! "0!! processes
by performing a combined fit where g is left as a free
parameter. The resulting g turns out to be roughly con-
sistent with the one provided in Eq. (24) and used in all our
calculations, which is explained by the fact that the data
from BESIII contain significantly smaller uncertainties and,
therefore, its statistical weight in the fit is greater. Hence,
we are led to consider whether this puzzle might be
somehow highlighting the need for a more sophisticated
theoretical treatment; however, given the complexity asso-
ciated to performing these experimental measurements and
the recent history of the $ ! "0!! empirical data,10 one
cannot rule out the possibility that this decreasing trend

seen over time in the measured values of the BR might
persist should new and more precise measurements were
available and eventually converge with our theoretical
prediction, especially in light of our successful description
of the data from BESIII for the other two sister processes.

VI. CONCLUSIONS

In this work, we have presented a thorough theoretical
analysis of the doubly radiative decays $#0$ ! "0!! and
$ ! $!!, and provided theoretical results for their associ-
ated decay widths and diphoton energy spectra in terms of
intermediate scalar and vector meson exchange contribu-
tions using the L#M and VMD frameworks, respectively.
A complete set of theoretical expressions for the tran-

sition amplitudes from chiral perturbation theory, vector
meson dominance, and the linear sigma model have
been given for the three decay processes. Some of these
expressions constitute, to the best of our knowledge, the
first predictions of this kind. In addition, we have provided
quantitative results by making use of numerical input from
the PDG [14]. In particular, for the estimation of the VMD
coupling constants, gVP! , two different paths have been
followed whereby they have been either extracted directly
from the experimental V#P$ ! P#V$! decay widths or
from a phenomenological quark-based model and a fit to
experimental data. A summary of the predicted decay
widths, theoretical branching ratios, and contributions to
the total signals for the three doubly radiative decays
$ ! "0!! and $0 ! "0#$$!! is shown in Table II, and a
discussion of the results obtained and how they compare to
available experimental data has been carried out. As well as
this, the invariant mass spectra associated to these processes
are shown in Figs. 2–4, respectively, using the model-based
VMD couplings. It is worth highlighting that, while vector
meson exchanges vastly dominate over the scalar contri-
butions for the $#0$ ! "0!! decays, we find that, for the
$0 ! $!!, the scalar meson effects turn out to be substantial,
specially that of the # meson, and this represents an
opportunity for learning details about this still poorly
understood scalar state. In particular, we look forward to
the release of the energy spectrum data for the $0 ! $!!
process by the BESIII Collaboration to assess the robust-
ness of our theoretical approach.
Interestingly, our predictions for the $ ! "0!! are found

to be approximately a factor of 2 smaller than the experi-
mental measurements, whereas our theoretical predictions
for the $0 ! "0!! and $0 ! $!! are in good agreement with
recent measurements performed by BESIII. It appears that
it is not possible to reconcile our predictions for the three
processes with their corresponding experimental counter-
parts simultaneously using the same underlying theoretical
framework and values for the coupling constants. This
puzzle might be pointing toward potential limitations of our
theoretical treatment or, perhaps, the need for more precise

FIG. 4. Contributions to the $0 ! $!! diphoton energy spec-
trum (solid black), using the model-based VMD couplings, from
intermediate vector (dashed red) and scalar (dotted blue) meson
exchanges, and their interference (dot-dashed green).

10For instance, in 1984 Alde et al. found BR ! 7.2#1.4$ !
10!4 [17], while more recent measurements appear to indicate
BR! 2.52#23$!10!4 [23] and BR ! 2.21#24$#47$ ! 10!4 [19].

THEORETICAL ANALYSIS OF THE DOUBLY RADIATIVE … PHYS. REV. D 102, 034026 (2020)

034026-9

g ! 0.70" 0.01 GeV!1; zSm̄=ms ! 0.65" 0.01;

!P ! #41.4" 0.5$°; !V ! #3.3" 0.1$°;
zNS ! 0.83" 0.02: #24$

Hereafter, we refer to the former couplings as empirical and
the later as model-based couplings.
The numerical results obtained using both the empirical

and model-based VMD couplings are summarized in
Table II. There, we show the contributions from ChPT,
the L"M, which replaces ChPT when scalar meson poles
are incorporated explicitly, and VMD. In addition, the
theoretical decay widths and corresponding branching
ratios are presented, together with the associated exper-
imental values. Note that the quoted errors come from the
uncertainties associated to the VMD couplings. Using the
empirical VMD couplings, one finds that, while our pre-
diction for the # ! $0%% process, BR ! 1.35#8$ ! 10!4, is
approximately a factor of 2 smaller than the PDG reported
value6 [14] BR ! 2.56#22$ ! 10!4, our theoretical predic-
tions for the #0 ! $0%% and #0 ! #%%, BR!2.91#21$!10!3

and BR ! 1.17#8$ ! 10!4, are consistent with the BESIII
experimental measurements [10,11] BR ! 3.20#7$#23$ !
10!3 and BR ! 8.25#3.41$#72$ ! 10!5, respectively.
Employing, instead, the model-based VMD couplings from
Eq. (11) and making use of the fit values for the model
parameters shown in Eq. (24), we find that the branching
ratio for the # ! $0%% decay, BR ! 1.30#8$ ! 10!4, is very
much in line with that obtained using the empirical cou-
plings, and approximately half the corresponding experi-
mental value.7 Thus, our theoretical results for this reaction
appear to be robust against small variations of the VMD
couplings. For the #0 ! $0%% and #0 ! #%% processes, we

obtain BR ! 3.57#25$ ! 10!3 and BR ! 1.07#8$ ! 10!4,
which, once again, are in agreement with the values reported
by BESIII [10,11]. The branching ratio for the later process
turns out to be BR ! 1.11#8$ ! 10!4 and BR ! 1.00#7$ !
10!4 for the empirical and model-based couplings using a
Breit-Wigner propagator for the " meson, where the pole
parameters quoted in Ref. [14] have been utilized, instead of
the complete one-loop propagator. As can be seen, the use of
either propagator provides very approximate results; any
differences surface in the associated energy spectra.
Our predictions for the diphoton energy spectra are

compared with the corresponding experimental data in
Fig. 1. One can see from both plots that the shape of the
spectra is captured well by our theoretical predictions. The
spectrum of the # ! $0%% decay [Fig. 1(a)] appears to
present a normalization offset.8 Notwithstanding this, the
exact same theoretical treatment shows very good agree-
ment between our predictions for the #0 ! $0%% spectrum,
using either set of VMD couplings, and experiment. In
addition, the use of one set of couplings or the other makes
little difference for the # ! $0%%, though it appears that the
model-based couplings capture slightly better the exper-
imental data for the #0 ! $0%%. For this reason, as well as
due to its increased aesthetic appeal and the fact that it
better underpins the power of the theoretical description,
from this point onward we will stick to using the model-
based VMD couplings for any subsequent calculation.
The different contributions to the diphoton energy

spectrum for the # ! $0%% decay are shown in Fig. 2.
As it can be seen, the spectrum is dominated by the
exchange of vector mesons, accounting for 93%, out of
which, the weights for the &0, ', and ! are 27%, 21%, and
0%, respectively; the remaining 52% comes from the
interference between the three participating vector mesons.
The contribution of the scalar exchanges accounts for less
than 1%, making it very difficult to isolate the effect of
individual scalar mesons, even with the advent of more
precise experimental data. The interference between the

TABLE II. Chiral-loop, L"M, and VMD predictions for the # ! $0%%, #0 ! $0%%, and #0 ! #%% decays with empirical and model-
based VMD couplings. The total decay widths are calculated from the coherent sum of the L"M and VMD contributions.

Decay Couplings Chiral loop L"M VMD ! BRth BRexp [14]

# ! $0%% (eV)
Empirical 1.87 ! 10!3 5.0 ! 10!4 0.16(1) 0.18(1) 1.35#8$ ! 10!4

2.56#22$ ! 10!4Model-based 1.87 ! 10!3 5.0 ! 10!4 0.16(1) 0.17(1) 1.30#1$ ! 10!4

#0 ! $0%% (keV)
Empirical 1.1 ! 10!4 1.3 ! 10!4 0.57(3) 0.57(3) 2.91#21$ ! 10!3

3.20#7$#23$ ! 10!3Model-based 1.1 ! 10!4 1.3 ! 10!4 0.70(4) 0.70(4) 3.57#25$ ! 10!3

#0 ! #%% (eV)
Empirical 1.4 ! 10!2 3.29 21.2(1.2) 23.0(1.2) 1.17#8$ ! 10!4

8.25#3.41$#0.72$ ! 10!5Model-based 1.4 ! 10!2 3.29 19.1(1.0) 20.9(1.0) 1.07#7$ ! 10!4

6Note that it is still compatible at the "5" level with the
experimental value though.

7Oset et al. considered additional contributions in Ref. [6],
such as axial exchanges in the chiral loops and VMD loop
contributions, where the associated amplitudes had been unita-
rized by making use of the Bethe-Salpenter equation for the
resummation of the meson-meson scattering amplitudes, as
well as contributions from the three-meson axial anomaly;
all this allowed them to raise their prediction up to !#!$0%% !
0.33" 0.08 eV.

8One could argue, though, that the experimental central values
seem to lie further apart from our predictions for decreasing m2

%% ,
but this effect may be linked to the larger uncertainties associated
to the measurements at low m2

%%.
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Relevant for testing fundamental symmetries

C-conserving processes in the SM (2-photon intermediate state)

C-violating processes via single-photon exchange

Important as a background for BSM searches 4

Decay Gth BRth BRexp

h ! p0e+e� 2.8(2)(3)⇥10�6 eV 2.1(1)(2)⇥10�9 < 7.5⇥10�6 (CL=90%) [10]
h ! p0µ+µ� 1.6(1)(2)⇥10�6 eV 1.2(1)(1)⇥10�9 < 5⇥10�6 (CL=90%) [17]
h 0 ! p0e+e� 9.0(0.5)(1.3)⇥10�4 eV 4.6(3)(7)⇥10�9 < 1.4⇥10�3 (CL=90%) [17]
h 0 ! p0µ+µ� 3.5(2)(4)⇥10�4 eV 1.8(1)(2)⇥10�9 < 6.0⇥10�5 (CL=90%) [17]
h 0 ! h0e+e� 7.6(4)(8)⇥10�5 eV 3.9(3)(4)⇥10�10 < 2.4⇥10�3 (CL=90%) [17]
h 0 ! h0µ+µ� 3.1(2)(3)⇥10�5 eV 1.6(1)(2)⇥10�10 < 1.5⇥10�5 (CL=90%) [17]

TABLE I: Decay widths and branching ratios for the six C-conserving decays h(0) ! p0l+l� and
h 0 ! h l+l� (l = e or µ). First error is experimental and second is due to numerical integration.

simplifying the algebraic expressions would be daunting should computer algebra packages not be available.
In the present work, use of the Mathematica package FeynCalc 9.2.0 [13, 14] is made for this purpose.

Let us now proceed to calculate the loop integral. As usual, one first introduces the Feynman parametrisa-
tion and completes the square in the new denominators DiV (i = 1,2 and V = r0,w,f ) by shifting to a new
loop momentum variable ` [15]. Hence, the denominators become

D1V = 2yz(P ·q)+2xy(p+ ·q)+(y�1)yq2 +2xz(P · p+)+ x2m2
l + z

⇥
(z�1)m2

h(0) +mV (mV � iGV )
⇤
,

D2V ⌘ D1V with p+ $ p� .
(3)

Rewriting the numerators of the Feynman diagrams 1 and 2 (i.e. t-channel and u-channel diagrams, respec-
tively, in Fig. 1) in terms of the new momentum variable `, one finds

N1 =
⇥
A1`

2 +B1
⇤
u(p�)/Pv(p+)+ ml

⇥
C1`

2 +D1
⇤
u(p�)v(p+) ,

N2 =
⇥
A2`

2 +B2
⇤
u(p�)/Pv(p+)+ ml

⇥
C2`

2 +D2
⇤
u(p�)v(p+) ,

(4)

where the explicit expressions for the parameters Ai, Bi, Ci and Di (i = 1,2) are provided in A. Finally,
we introduce a Wick rotation and change to four-dimensional spherical coordinates [15, 16] to perform the
momentum integral. This leads to the following expressions for the amplitudes of the Feynman diagrams

M1V = aV
⇥
u(p�)/Pv(p+)

⇤
+bV ml

⇥
u(p�)v(p+)

⇤
,

M2V = sV
⇥
u(p�)/Pv(p+)

⇤
+ tV ml

⇥
u(p�)v(p+)

⇤
,

(5)

where ml is the corresponding lepton mass. The parameters aV , bV , sV and tV in Eq. (5) are defined as

aV = e2
gV h(0)g gV p0(h)g

16p2

Z
dxdydz

"
2A1

D1V +ie
� B1

(D1V +ie)2

#
,

bV = e2
gV h(0)g gV p0(h)g

16p2

Z
dxdydz

"
2C1

D1V +ie
� D1

(D1V +ie)2

#
,

sV = e2
gV h(0)g gV p0(h)g

16p2

Z
dxdydz

"
2A2

D2V +ie
� B2

(D2V +ie)2

#
,

tV = e2
gV h(0)g gV p0(h)g

16p2

Z
dxdydz

"
2C2

D2V +ie
� D2

(D2V +ie)2

#
,

(6)

where x, y and z are the Feynman integration parameters. Therefore, the full amplitude can now be expressed
as

M = Â
V=r0,w,f

M1V +M2V = W
⇥
u(p�)/Pv(p+)

⇤
+mlS

⇥
u(p�)v(p+)

⇤
, (7)
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and !"#! in the octet-singlet basis (cf. Ref. [31])) to the !12 and 
!13 in the quark-flavour basis used in this letter (cf. Eq. (9)) are3

!
!12
!13

"
=

!
c$P s$P

"s$P c$P

"!
!
!!

"
, (10)

and
!

!12
!13

"
= 1#

3

!
c%P "

#
2 s%P s%P +

#
2 c%P

"s%P "
#

2 c%P c%P "
#

2 s%P

"!
!"#

!"#!

"
. (11)

At this point, one can obtain the expressions for the theoretical 
decay couplings of the enhanced phenomenological model. These 
are

g&0"0' = g
#1

3
+ !12zNS

$
, g&+"+' = g

z+
3

,

g&0#' = g
%#
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3
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3
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3
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3
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m
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3
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3
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(12)

where the wavefunction overlap parameters have been redefined 
as relative overlap factors [6]: zNS % ZNS/Z3, zS % ZS/Z3, z+ %
Z+/Z3, zK0 % ZK0/Z3 and zK+ % ZK+/Z3. The generic electro-
magnetic coupling constant ge in Eq. (8) has been replaced by 
g = Z3 ge on the right hand side equalities of Eq. (12). In some 
instances, the overlap factors in the strange sector have been rede-
fined to z!

K0 = zK0 (1 + m/ms)/(1 + zSm/ms) and z!
K+ = zK+ (2 "

3 Given that these are orthogonal transformations, to move from one definition 
to the other in the opposite direction, one only needs to multiply by the transposed 
matrices.

m/ms)/(2 " zSm/ms) in order to avoid redundant free parame-
ters. It is worth highlighting that Eq. (12) reduces to the couplings 
shown in Ref. [6] in the good SU (2) limit, as expected.

A fit of the theoretical decay couplings from Eq. (12) to the 
experimental data for ten free parameters provides the following 
estimations

g = 0.69 ± 0.01 GeV"1 , z+ = 0.95 ± 0.05 ,

$23 = (41.5 ± 0.5)& , $V = (4.0 ± 0.2)& ,

!12 = (2.3 ± 1.0)% , !13 = (2.5 ± 0.9)% ,

zNS = 0.89 ± 0.03 , zSm/ms = 0.65 ± 0.01 ,

z!
K0 = 1.01 ± 0.04 , z!

K+ = 0.76 ± 0.04 .

(13)

The quality of the fit is relatively good, with )2
min/d.o.f. ' 4.6/2 =

2.3. The fitted values for the mixing angles $23 and $V are in very 
good agreement with recent published results (e.g. [5,26,33]). The 
g and ms/m (see Eq. (14) below for an estimation of the latter) are 
also consistent with those from other studies but, as highlighted by 
Bramon et al. in Ref. [6], these parameters are largely dependent 
on the particular model used; hence, comparison provides limited 
value.

An important point to notice from Eq. (13) is that the estima-
tions for !12 and !13 are very small but not compatible with zero 
with a confidence level of 2.3* and 2.8* , respectively, assuming 
a Gaussian distribution for the error. The !12 and !13 values from 
our fit can be translated to Kroll’s and Escribano et al.’s definitions 
for their S O (3) rotation matrix yielding ! = !"# = (0.1 ±0.9)% and 
!! = !"#! = (3.4 ±0.9)%. It can be observed that our mixing param-
eters ! and !"# are compatible with zero, whilst our parameters 
!! and !"#! are not consistent with zero with a confidence level 
of 3.8* . Clearly, all mathematical representations for the physical 
states are equivalent; however, the specific rotation matrix selected 
in Eq. (9) enables the simultaneous ascertainment that both pa-
rameters controlling the mixing in the "0-# and "0-#! sectors are 
incompatible with zero.

In addition, it is worth noting from our results that the con-
tribution to the physical state |"0( from the mathematical state 
|#8( is significantly smaller (in fact, consistent with zero) than 
that from the pure singlet state |#0(. This is an interesting re-
sult as one would naively expect the amount of mixing in the 
"0-# system to be larger than the one found in the "0-#! sec-
tor, based on mass arguments. This can be explained, though, by 
the fact that the U (1)A anomaly mediates #0 ) "3 transitions and, 
therefore, provides an additional contribution to the associated 
mixing. Note that Escribano et al. [31] made use of the large-Nc
limit in their calculations, which effectively rids the theory of the 
chiral anomaly; hence, the effect mentioned above does not sur-
face in their estimations for the mixing parameters. On the other 
hand, Kroll obtained in Ref. [25] first order theoretical results for 
the mixing parameters, neglecting, thus, any high-order symmetry 
breaking corrections; this is a sound approximation for the #-#!

system but might potentially compromise the results for the "0-#
and "0-#! sectors where the mixing parameters are very small.

Another fit is carried out fixing !12 = !13 = 0 and leaving all 
the other parameters free. The quality of the fit is significantly de-
creased with )2

min/d.o.f. ' 21.3/4 ' 5.3, highlighting the fact that 
a certain amount of mixing between the neutral "0 with the #
and #! mesons different from zero is required to correctly describe 
the data.

Fixing the parameters z+ = 1 and zK0 = zK+ , which accounts for 
turning off the secondary mechanism of isospin-symmetry break-
ing, and performing a fit with all the other parameters left free, 
we find

R. Escribano, E. Royo / Physics Letters B 807 (2020) 135534 5

Table 2
Summary of fitted values for the Fit 1, Fit 2, Fit 3, Fit 4 and Fit 5, corresponding to Eqs. (13), (14), 
(15), (16), and (17), respectively.

Parameter Fit 1 Fit 2 Fit 3 Fit 4 Fit 5

g (GeV!1) 0.69 ± 0.01 0.69 ± 0.01 0.69 ± 0.01 0.70 ± 0.01 0.69 ± 0.01
!12 (2.3 ± 1.0)% (2.4 ± 1.0)% - - (2.4 ± 1.0)%
!13 (2.5 ± 0.9)% (2.5 ± 0.9)% - - (2.5 ± 0.9)%
"23 (") 41.5 ± 0.5 41.5 ± 0.05 41.4 ± 0.5 41.4 ± 0.5 41.5 ± 0.5
"V (") 4.0 ± 0.2 4.0 ± 0.2 3.1 ± 0.1 3.2 ± 0.1 4.0 ± 0.2
ms/m - 1.17 ± 0.06 1.17 ± 0.06 1.17 ± 0.06 -
zSm/ms 0.65 ± 0.01 - - - 0.65 ± 0.01
zNS 0.89 ± 0.03 0.89 ± 0.03 0.86 ± 0.02 0.85 ± 0.02 0.89 ± 0.03
z+ 0.95 ± 0.05 - - - -
zS - 0.77 ± 0.04 0.77 ± 0.04 0.77 ± 0.04 -
zK - 0.90 ± 0.03 0.90 ± 0.03 0.90 ± 0.03 -
z#

K0 1.01 ± 0.04 - - - -

z#
K+ 0.76 ± 0.04 - - - -

#2
min/d.o.f. 2.3 1.9 4.4 4.8 1.9

g = 0.69 ± 0.01 GeV!1 ,ms/m = 1.17 ± 0.06 ,

"23 = (41.5 ± 0.5)" , "V = (4.0 ± 0.2)" ,

!12 = (2.4 ± 1.0)% , !13 = (2.5 ± 0.9)% ,

zNS = 0.89 ± 0.03 , zS = 0.77 ± 0.04 ,

zK = 0.90 ± 0.03 ,

(14)

where the quality of the fit is better, i.e. #2
min/d.o.f. $ 5.6/3 $ 1.9. 

The z’s in Eq. (14) are different from unity, signalling that the 
secondary mechanism of flavour SU (3)-symmetry breaking is still 
required for the correct description of the experimental data. This 
statement can be tested by performing a fit where all the z’s are 
fixed to one and it is found that the quality of the fit is substan-
tially decreased, i.e. #2

min/d.o.f. $ 41.8/6 $ 7.0.
The estimates for !12 and !13 in Eq. (14) are, again, not com-

patible with zero with a confidence level of 2.4$ and 2.8$ , re-
spectively. In general, the estimations from Eq. (14) are very ap-
proximate to the ones shown in Eq. (13). It is interesting to see 
that reducing the number of free parameters in the last fit leads 
to a substantial increase in the quality of the fit. This is related 
to the fact that, despite the residual #2

min being smaller when ten 
free parameters are employed, this reduction does not compensate 
for the loss of one degree of freedom. Accordingly, it appears that 
the introduction of the secondary mechanism of isospin-symmetry 
breaking is not required to reproduce the experimental data. For 
this reason, the degrees of freedom z+ , zK0 and zK+ will be fixed 
to z+ = 1 and zK0 = zK+ for any subsequent fits.

Two more statistical fits using the estimated values for !12

and !13 from Kroll [25] and Escribano et al. [31] can be per-
formed. Starting with Kroll’s estimations !12 = (1.6 ± 0.2)% and 
!13 = (!0.8 ± 0.1)% we obtain

g = 0.69 ± 0.01 GeV!1 ,ms/m = 1.17 ± 0.06 ,

"23 = (41.4 ± 0.5)" , "V = (3.1 ± 0.1)" ,

zNS = 0.86 ± 0.0 , zS = 0.77 ± 0.04 ,

zK = 0.90 ± 0.03 ,

(15)

where the quality of the fit is significantly poorer, i.e. #2
min/d.o.f. $

22.0/5 = 4.4. Likewise, using Escribano et al.’s !12 = (7.5 ± 0.2) %
10!3 and !13 = (!6.3 ± 0.2) % 10!3 and performing the fit once 
more, the following results are found

g = 0.70 ± 0.01 GeV!1 ,ms/m = 1.17 ± 0.06 ,

"23 = (41.4 ± 0.5)" , "V = (3.2 ± 0.1)" ,

zNS = 0.85 ± 0.02 , zS = 0.77 ± 0.04 ,

zK = 0.90 ± 0.03 ,

(16)

where the quality of the fit is similar to the previous one, 
i.e. #2

min/d.o.f. $ 24.0/5 = 4.8. This shows that the theoretical esti-
mations for the mixing parameters !12 and !13 provided by Kroll 
[25] and Escribano et al. [31] do not appear to agree with the 
most recent experimental data [32]. It must be stressed, though, 
that the phenomenological model presented in this letter is based 
on the relatively simple standard quark model with a quantum 
mechanical extension, whilst Refs. [25] and [31] used more sophis-
ticated theoretical approaches. Having said this, those estimations 
had limited numerical input from experiment due to their intrinsic 
theoretical nature.

A final fit is carried out where the experimental points asso-
ciated to the neutral and charged K & ' K% transitions are not 
considered.4 Accordingly, the free parameters zK, or z#

K0 and z#
K+ , 

are not included in this fit, and the parameters ms/m and zS are 
considered jointly again. The estimated values from the fit are

g = 0.69 ± 0.01 GeV!1 ,zSm/ms = 0.65 ± 0.01 ,

"23 = (41.5 ± 0.5)" , "V = (4.0 ± 0.2)" ,

!12 = (!2.4 ± 1.0)% , !13 = (!2.5 ± 0.9)% ,

zNS = 0.89 ± 0.03 .

(17)

The quality of the fit is good, #2
min/d.o.f. $ 5.6/3 $ 1.9. The es-

timates for !12 and !13 are again incompatible with zero at a 
confidence level of 2.4$ and 2.8$ , respectively.

A summary of all the fitted parameters is shown in Table 2. 
The robustness of the fitted values for the parameters g , !12, !13, 
"23 and "V across Fits 1, 2 and 5 is remarkable. In addition, the 
consistency of the z parameters across all the fits is also very good. 
As well as this, a comparison between the calculated decay widths 
and the experimental decay widths obtained directly from [32] is 
presented in Table 3. The agreement is very good for the estimated 
values from &fit1, &fit2 and &fit5. The decay width estimations &fit3
and &fit4 are not as good as the others, implying again that the 

4 Note that, traditionally, strange decay width measurements have suffered from 
larger uncertainties than the other radiative decays.
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Table 3
Comparison between the experimental decay widths !exp for the various radiative decay channels and the !fit1, 
!fit2, !fit3, !fit4 and !fit5 predictions from the enhanced model associated to the fit values from Eqs. (13), (14), 
(15), (16), and (17), respectively.

Transition !exp (keV) !fit1 (keV) !fit2 (keV) !fit3 (keV) !fit4 (keV) !fit5 (keV)

"0 ! #$ 44 ± 3 41 ± 3 41 ± 3 38 ± 2 38 ± 2 41 ± 3
"0 ! %0$ 69 ± 9 85 ± 5 85 ± 5 82 ± 2 79 ± 2 85 ± 5
"+ ! %+$ 67 ± 7 67 ± 8 74 ± 2 75 ± 2 75 ± 2 74 ± 2
& ! #$ 3.8 ± 0.3 4.0 ± 0.5 4.0 ± 0.5 3.4 ± 0.2 3.5 ± 0.2 4.0 ± 0.5
& ! %0$ 713 ± 20 705 ± 21 701 ± 20 703 ± 19 704 ± 19 701 ± 20
' ! #$ 55.4 ± 1.1 55 ± 3 55 ± 8 54 ± 8 54 ± 8 55 ± 3
' ! #"$ 0.26 ± 0.01 0.27 ± 0.01 0.27 ± 0.04 0.28 ± 0.05 0.27 ± 0.05 0.27 ± 0.01
' ! %0$ 5.5 ± 0.2 5.5 ± 1.0 5.5 ± 1.1 5.5 ± 0.3 5.5 ± 0.3 5.5 ± 1.0
#" ! "0$ 57 ± 3 57 ± 4 57 ± 4 56 ± 3 55 ± 3 57 ± 4
#" ! &$ 5.1 ± 0.3 5.2 ± 0.2 5.2 ± 0.2 6.4 ± 0.1 6.5 ± 0.1 5.2 ± 0.2
K #0 ! K 0$ 116 ± 10 116 ± 11 116 ± 10 116 ± 10 116 ± 10 -
K #+ ! K +$ 46 ± 4 46 ± 5 46 ± 5 46 ± 5 46 ± 5 -

(2
min/d.o.f. - 2.3 1.9 4.4 4.8 1.9

experimental data seems to favour different values for )12 and )13
than those suggested by Kroll [25] and Escribano et al. [31].

It is worth highlighting that the biggest contribution to the 
residual (2

min in !fit1, !fit2 and !fit5 consistently comes from the 
neutral "0 ! %0$ decay. This might be related to the fact that 
the measurement associated to this decay channel has relatively 
small experimental uncertainty. However, it might also be point-
ing to limitations directly connected to the assumptions that have 
been taken in the phenomenological model presented in this let-
ter, such as, for example, potential gluonic content of the mesonic 
wavefunctions or contributions to the mixing from gluonic annihi-
lation channels.

5. Conclusions

The phenomenological model based on the standard quark 
model with two sources of flavour SU (3)-symmetry breaking pro-
posed by Bramon et al. in Ref. [6] has been tested using the most 
up-to-date V P$ experimental data [32] in section 3. It has been 
shown that the quality of the most recent empirical data is su!-
ciently good to see that the model struggles to accurately repro-
duce experiment. Consequently, the objective of the present work 
has been to enhance this phenomenological model to reconcile it 
with experiment. This has been achieved by introducing isospin 
symmetry-breaking effects into the model.

The main result drawn from the present investigation is that 
the quality of the most up-to-date experimental data [32] enables 
a small amount of isospin-symmetry breaking that is inconsistent 
with zero, with a confidence level of approximately 2.5* , using the 
enhanced phenomenological model. The quality of the performed 
fits is good, with e.g. (2

min/d.o.f. $ 1.9. In addition, the estimations 
for the fit parameters appear to be very robust across the fits that 
have been performed. The fitted values for g = 0.69 ± 0.01 GeV%1, 
'23 = (41.5 ± 0.5)& , 'V = (4.0 ± 0.2)& and ms/m = 1.17 ± 0.06 are 
in good agreement with those from other analysis available in the 
published literature (e.g. [5,26,33]). Contrary to this, our estimates 
for the parameters controlling the mixing in the %0-# and %0-#"

sectors, i.e. )12 = (2.4 ± 1.0)% and )13 = (2.5 ± 0.9)% (using the 
mathematical definition from Eq. (9)) or ) = )%# = (0.1 ± 0.9)%
and )" = )%#" = (3.5 ± 0.9)% (once translated into Kroll’s [25] and 
Escribano et al.’s [31] definitions), are not in accordance with the 
estimations that were provided by these authors in Ref. [25] and 
[31].

To conclude, it is worth highlighting that all the results from 
the present investigation appear to indicate that a phenomenologi-
cal model including simple quark model concepts, with a quantum 

mechanical extension implementing a second source of flavour 
symmetry breaking, is still su!cient to describe to a large degree 
of accuracy the radiative decays, and the rich and complex mixing 
phenomenology in the pseudoscalar meson sector.
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