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> Spacetimes with spherical symmetry encompass a wide range of models of
interest, such as Schwarzschild, FLRW, TOV, and others.

> Starting from well-known solutions, complex systems can be studied using
perturbation theory up to a certain level of precision.

> A Hamiltonian formalism constitute the basis for quantum studies.

4 Apply a perturbative Hamiltonian formalism to spherically symmetric
models, then specialize it for the Schwarzschild case.

4 For a quantum treatment of the perturbations, pioneering works in loop
quantum cosmology suggest starting with the black hole interior.
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Perturbations are defined by the map . (its choice is not unique). Hierarchy
is determined by e. A perturbative quantity, §(e), is defined on M(0) as
d"yzg(e)

O=a+ Y Sang Ay - TV (1)
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Perturbations are defined by the map . (its choice is not unique). Hierarchy
is determined by e. A perturbative quantity, §(e), is defined on M(0) as
d"¥7g(e)

O=a+ Y Sang Ay - TV (1)

e=0

Perturbative gauge-invariants do not depend on the map election.
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Hamiltonian framework
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The perturbed canonical variables, up to first order, for any spherically sym-
metric background, can be expressed as

g =g+eh+0(&), P =TI+ ep+ O(e?). (2)
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The perturbed canonical variables, up to first order, for any spherically sym-
metric background, can be expressed as

g=g+eh+0(?), P =TI+ ep+ O(e?). (2)

We expand them in real (Regge-Wheeler-Zerilli) spherical harmonics and work
with their expansion coefficients. Using a real basis ensures that the phase
space variables remain real.
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@00

The perturbed canonical variables, up to first order, for any spherically sym-
metric background, can be expressed as

g=g+eh+0(?), P =TI+ ep+ O(e?). (2)

We expand them in real (Regge-Wheeler-Zerilli) spherical harmonics and work
with their expansion coefficients. Using a real basis ensures that the phase
space variables remain real.

Depending on their parity, the harmonics distinguish between
Polar: P % (-1)'P, Axial: AL, (-1)*1A4, (3)

where the parity transformation acts as P : (0,¢) — (7 — 0,7 + ¢).
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The perturbed canonical variables, up to first order, for any spherically sym-
metric background, can be expressed as

g=g+eh+0(?), P =TI+ ep+ O(e?). (2)

We expand them in real (Regge-Wheeler-Zerilli) spherical harmonics and work
with their expansion coefficients. Using a real basis ensures that the phase
space variables remain real.

Depending on their parity, the harmonics distinguish between
Polar: P % (-1)'P, Axial: AL, (-1)*1A4, (3)

where the parity transformation acts as P : (0,¢) — (7 — 0,7 + ¢).

At first order, axial and polar perturbations can be treated independently.
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Hamiltonian framework
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The dynamics of a perturbed system, up to first order, is determined by
€ 2 3
S=50+ 5A1[5} +0(€), (4)

where Sy is the background action and A?[S] is given by

2A%s) = /R dt L &z <hab,tpab—CA[H]—B“A[’Ha]—gAf[H]—%Af{?—tao. (5)

A. Minguez-Sénchez (IEM-CSIC) Perturbative G Invariants



Hamiltonian framework

(o] lo}

The dynamics of a perturbed system, up to first order, is determined by
€ 2 3
S =5+ EAl[S} + O(€”), (4)
where Sy is the background action and A?[S] is given by

2A%s) = /R dt /g &z <hab,tp“b—0A[H]—B“A[Ha]—%Ai[H]-{A%[HGD. (5)

1

Upon integrating over the two-sphere, for each perturbative mode we have:

Variables Constraints [Hamiltonian
Axial | {h}™, pb™ 17 g™ Hgr

Im  1,m 6 l,m l,m l,m 1
Polar {hi , D cy™, ey, Oy Hr

i =3
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Hamiltonian framework
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In the Hamiltonian formulation, the first-order perturbative gauge invariants
commute with the constraints under Poisson brackets.
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Hamiltonian framework

ooe

In the Hamiltonian formulation, the first-order perturbative gauge invariants
commute with the constraints under Poisson brackets.

For each perturbative mode consider a (mode- and background-dependent)
canonical transformation,

{mm ™Y, — Q™ B, (6)

=

such that the new perturbative variables satisfy

lLm _ ~lm lLm _ ~lm lLm _ ~lm lLm _ ~lm
Pim=cyn,  Pim=cbm, Pim=cin,  Bm=cim. ()

v
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Conclusions

In the Hamiltonian formulation, the first-order perturbative gauge invariants
commute with the constraints under Poisson brackets.

For each perturbative mode consider a (mode- and background-dependent)
canonical transformation,

{mm ™y, — {Q P (6)

i= g=i?

such that the new perturbative variables satisfy

lLm _ ~lm lLm _ ~lm lLm _ ~lm lLm _ ~lm
P =0y, Py =077, BT =0T, Bt =037 (T)

v

4 By construction, the pairs (Qll’m,Pll’m) and (Qé’m,Pé’m) constitute the
physical degrees of freedom for the perturbations.
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Conclusions
ooe

In the Hamiltonian formulation, the first-order perturbative gauge invariants
commute with the constraints under Poisson brackets.

For each perturbative mode consider a (mode- and background-dependent)
canonical transformation,

{rbm pbmy? s {Qbm, Pl (6)

g=i?

such that the new perturbative variables satisfy

lm _ ~lm lLm _ ~lm lLm _ ~lm lLm _ ~lm
Pim=cyn,  Pim=cbm, Pim=cin,  Bm=cim. ()

v

4+ By construction, the pairs (Q™, PF'™) and (Q4™, P™) constitute the
physical degrees of freedom for the perturbations.

4+ After redefining the Lagrange multipliers (background and perturbations),
the Hamiltonian depends only on the two invariant pairs.
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The spatial metric g and its conjugate momentum II are defined as

g= 220 _q52 4 . 1)](62 + sin? 0g?),
L2[pc(0)] (®)
2 (6 + 2e(t)

= —2p2—("t)ﬂb(t) |pe(t)| sin 9% — (sin 697 + csc 603)
b

[pe(t)]

where Qp = bpy/(7Lo), Qe = epe/(vLo), and L, is a fiducial length under the
assumption of a compact spatial topology, o, = S} x §2.

v
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@00

The spatial metric g and its conjugate momentum II are defined as

g= 220 _q52 4 . 1)](62 + sin? 0g?),
L2[pc(0)] (®)
2 (6 + 2e(t)

= _21)2_(015)917@ |pe(t)| sin 9% — (sin 697 + csc 603)
b

[pe(t)]

where Qp = bpy/(7Lo), Qe = epe/(vLo), and L, is a fiducial length under the
assumption of a compact spatial topology, o, = S} x §2.

v

Following spatial integration and appropriate gauge fixing, the symplectic struc-
ture and dynamics are determined by

~ 2
{bapb}B =7, {C7 pc}B = 277 HB = _LO Q% + % + ZQch . (9>
o
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Black hole interior

(o] o}

Using n = (n,l,m) to simplify the notation of the mode labels, first-order
perturbations can be expanded as

h=>> hi Y Quada® + Y 2[h 2™, — B X, | Qpadada?
n,A n,A

+ Z [R5 2" 4 + BENY Mg + e X, 5] Quada da®,
n,A
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Black hole interior

(o] o}

Using n = (n,l,m) to simplify the notation of the mode labels, first-order
perturbations can be expanded as

h=>> hi Y Quada® + Y 2[h 2™, — B X, | Qpadada?

A n,A
+ Z (W32 2" 4 + W5 g + B X " ap | Quadatda®,
n,A
sinf mz L4 2p6 Yl Qn Adx +Z}\ p5 Zl A ptll X A] (10)
0 n
Qn A ! A
( )d vdw A+Z2 2! Pz AX, "B +0y° 2" s
1(1+2
1 El ; P3Ny, Mg } Qndz?da’.
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Black hole interior

ooe

After canonical transformations and redefinition of the Lagrange multipliers,
the dynamics of each perturbative mode is given by

B = 0 (0) (PP 4 162+ Q1)

A ) (11)
b (i) (P52 4 (K2 + s ()3 -
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Black hole interior

ooe

After canonical transformations and redefinition of the Lagrange multipliers,
the dynamics of each perturbative mode is given by

H™ — by (0,) ([p“ M2 4 (k2 + sa(la)]] ?’AP) (11)
000 (P22 + 183 + sy IQIP).

where b,, by, 5,4, and s, are background-dependent coefficients that depend
only on the modes labels through

2

47 I(1+1) > +1—64n?
2 2 . 2 _ 2
k2 Lg” +(+2)(1—-1), Kk (l+2)(l—1)<l2+l+2L?,n +I1(1+41) ),
. 1 . 1 I(1+1)
la=—+/(1+2)(1—1), lp= ———ou—
ka (t+2)( ) Pk I+ 2 (- 1)

A. Minguez-Sénchez (IEM-CSIC) Perturbative Gauge Invariants



Conclusions

> With our method, we can identify and handle the perturbative gauge
invariants for any spacetime with a spherically symmetric background.

> The Hamiltonian formulation of the black hole interior leads to a loop
quantization of the background, combined with a (essentially unique)
Fock representation for the perturbations.
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Conclusions

> With our method, we can identify and handle the perturbative gauge
invariants for any spacetime with a spherically symmetric background.

> The Hamiltonian formulation of the black hole interior leads to a loop
quantization of the background, combined with a (essentially unique)
Fock representation for the perturbations.

Future results

4+ We are working on extending these results to the exterior geometry.

4 We are aiming to relate our invariants to more conventional ones for black
holes. Starting with the axial modes is the most reasonable approach.

4 The final stage of the coalescence of supermassive black holes (ringdown
phase) is a great scenario to apply this study.

v
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