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Gravity holds the star together

Electromagnetism makes pulsars pulse/magnetars flare

Strong interaction determines the internal composition

Weak interaction affects cooling and internal viscosity



context
The (breakthrough) observation of gravitational waves from a neutron star 
merger (GW170817) constrains neutron star properties (tidal deformability). 
NICER (on the ISS) will soon provide radius constraints for a small number of 
fast spinning systems.
Suppose we get to a point where we “know” the mass-radius relation: Can we 
go beyond this and probe the internal composition and state of matter?



context

In principle, yes. 
Neutron stars have rich oscillation spectra, with families of modes more or 
less directly associated with different core physics (cf. Helioseismology).
f-mode: scales with average density.
p-modes: acoustic modes, depend on sound speed.
g-modes: depend on thermal/composition gradients. 
w-modes: pure spacetime oscillations.
r-modes: inertial modes restored by the Coriolis force. 

Radiate mainly through current multipoles.
Driven unstable by GW emission! 

The (breakthrough) observation of gravitational waves from a neutron star 
merger (GW170817) constrains neutron star properties (tidal imprint). 
NICER (on the ISS) will soon provide radius constraints for a small number of 
fast spinning systems.
Suppose we get to a point where we “know” the mass-radius relation: Can we 
go beyond this and probe the internal composition and state of matter?



the CFS instability
Gravitational waves may drive an instability in rotating relativistic stars.

Interesting because the mechanism may limit the spin of neutron stars at the 
same time as it generates a detectable signal.   

Cartoon explanation: 
A given mode is unstable if the star is 
losing �negative energy�.

A �neutral�mode of oscillation signals 
the onset of instability.

The modes that are thought to be the 
most important are the �acoustic� f-
modes, and the �Coriolis driven� r-
modes.

cal function. Their work demonstrates the
value of taking an integrated approach to
cellular dynamics, and shows that even
though the cell is a complex, hierarchical
system, it is possible to gain insight into its
functional organization using relatively
simple analyses.

The stage is set for further investigation 
of these types of protein network. How, for
example, did they evolve? Possible clues can
be found in related work on the emergence 
of power-law distributions6,4,9. Such distri-
butions will emerge if the probability that a
particular node makes future connections 
is proportional to the number of current
connections. Put another way, highly con-
nected nodes tend to become even more 
connected as time goes by. What, therefore, 
is happening at the level of protein inter-
actions? Certain highly connected proteins
could have a special structure that enables
them to bind to many different types of pro-
tein, including new ones that arise through
mutation. So it may be that the proteins 
that make up the highly connected nodes in
cellular networks share common structural
features.

Modelling work10 has shown how power-
law networks can arise from simple dyn-
amical rules on the basis of evolutionary
principles. This latter study demonstrates
that power-law connectivity is a property 
of networks that are in a state of transitory
expansion, suggesting that the connectivity
properties of a network are a signature of 
its particular evolutionary state. If this is 
correct, it implies the existence of networks
that do not follow power laws. For example,
the modelling work indicates that newly
developed networks are, by nature, sparsely
connected and are best described by expo-
nential distributions. Moreover, models of
this type may also be relevant to the observed
power-law distributions of protein family
sizes11, in which a ‘family’ consists of proteins
that share sequence similarity and have simi-
lar biological functions. In this context, a
power-law distribution implies the existence
of ‘mega-families’ composed of a large num-
ber of proteins that are both structurally 
and functionally similar.

From a biomedical standpoint, Jeong and
colleagues’ findings1 suggest that it may be
unwise to select a highly connected protein
as a drug target, given that inactivation of 
the protein could prove to be fatal or highly
disruptive to the cell. Accordingly, a better
strategy may be to target a less well connected
protein that has a similar function. In this
regard, understanding the connectivity of
the network could provide likely candidates
through the principle of ‘guilt by association’
— that is, if two proteins interact with one
another, they are probably involved in simi-
lar cellular functions2,12. ■
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inner cores of massive stars can have high
angular momentum. Indeed theory suggests
that neutron stars could be born rotating at
near the maximum value they can endure
without flying apart, 1,000 times per second.
This is much faster than the spin rates

news and views
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Aneutron star is like a gigantic atomic
nucleus, packing more than a solar mass
of neutrons inside a ball just 20 kilome-

tres across. Neutron stars are born when the
iron core of a massive star collapses violently
inside a supernova1. Before they collapse, the

Astronomy

A new twist on neutron stars
Chris Fryer and Stan Woosley

Theory suggests that neutron stars should be born rotating rapidly, but in
reality they spin more slowly. New calculations suggest that they may be
slowed by the emission of exotic gravity waves.

To an astronomer
on Earth, the
r-mode appears
to be moving
clockwise

On the rotating
neutron star,
the r-mode's
anticlockwise
motion is actually
increasing

On a  merry-go-round
the child appears to his
parents to be moving
backwards (clockwise).
He is actually running
anticlockwise

a  Stationary reference frame

b  Rotating reference frame

r-mode

r-mode

Figure 1 Rotating neutron stars and gravity waves. The growth of r-modes can be understood through
an analogy with a child running anticlockwise on a clockwise-spinning merry-go-round. a, If the
child is running slower than the merry-go-round is spinning, he appears to his parents sitting on a
nearby bench to be moving clockwise (although slower than the merry-go-round). In the case of a
spinning neutron star, an r-mode moving slowly in the opposite direction to the spinning neutron
star will appear to an observer on Earth in the ‘stationary reference frame’ to be moving with the spin
of the neutron star. The gravitational waves created by the current variations of the r-mode carry
away angular momentum, causing the r-mode to slow down in the observer’s stationary frame. b, In
the rotating reference frame of the merry-go-round, the child is running in the opposite direction to
that of the spinning merry-go-round. When the child runs faster in this frame, he appears to slow
down in the stationary reference frame of his parents. Similarly, when the r-mode emits gravitational
waves and slows down in the stationary reference frame of the observer, the r-mode velocity in the
rotating reference frame of the neutron star is actually accelerating, causing the r-mode amplitude to
grow. As the amplitude grows, more gravitational waves are emitted, leading to a runaway process.
New calculations2,3 show that this process may be responsible for slowing down rapidly spinning
neutron stars.

© 2001 Macmillan Magazines Ltd

Instability windows depend sensitively on uncertain physics. Simplest 
models involve shear- and bulk viscosity.

Key point: The problem probes non-equilibrium properties of matter.
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Bulk viscosity is important at high 
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the r-modes

tgw ≈ 50M1.4
−1R10
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6  s
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2  s
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−1P−3
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−6  s

In principle, we should not find any (normal) pulsars inside the instability 
window. 



LMXBs
Accreting neutron stars in LMXBs are particularly “interesting”.
Observations suggest these systems rotate well below the break-up limit, so 
some kind of speed-limit seems to be enforced.

X-ray data for accreting systems hint at a possible pile-up of the fastest 
systems. This would – at least in principle – be consistent with an r-mode 
instability threshold.  
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Still, this is problematic:
Rigid crust with viscous 
(Ekman) boundary layer would 
lead to sufficient damping…
…but the crust is more like jelly, 
so the effect is reduced 
(“slippage”).
Saturation amplitude due to 
mode-coupling is too large to 
allow evolution far into 
instability region. 

Moreover… many systems lie inside the “conservative” instability window.

[Ho, NA & Haskell 2011]



Crust – superfluid neutrons 
(singlet) coexist with nuclear lattice
Outer core – superfluid neutrons 
(triplet) coexist with 
superconducting protons
Inner core – possible exotic 
phases, like colour superconducting 
quarks

10

109

10

1014 1013 1012

density (g/cm  )

te
m

p
e

ra
tu

re
 (

K
)

3

h
e

a
t 
b

la
n

k
e

t

n
e

u
tr

o
n

 d
ri
p

c
ru

s
t-

c
o

re
 t
ra

n
s
it
io

n
core inner crust outer crust

superfluids
Mature neutron stars are �cold� (108K<< TFermi=1012K) so they should be either 
solid or superfluid.

The presence of vortices leads to �mutual friction”.
Standard form balances Magnus force to linear resistivity.
― electron scattering off vortices leads to R<<1
― vortex clusters lead to R>>1
― vortex/fluxtube interaction?



variable windows
Mutual friction is an important mechanism in superfluid neutron star 
dynamics, but has little impact on the r-modes for “expected” parameters.
Would need to be stronger by a factor of about 50 to resolve the problem.

[Haskell, NA & Passamonti 2009]



designer windows
The instability window may have a very different shape due to “resonances”;
- resonant timescale with reactions (hyperon/quark bulk viscosity) 
- resonance with other modes (shear modes in crust, other inertial modes in 

superfluid core) 

amplitude such that nonlinear coupling to other modes
causes the instability to saturate [4]; the saturation ampli-
tude is expected to be much larger than that required for
spin balance [cf. Eq. (1)]. The subsequent evolution is
likely to be quite complex [5]. In principle, the NS will
heat up and spin down, and the LMXB should leave the
instability window in a time much shorter than the age of
the system [23]. Therefore the observed LMXBs should all
be stable, which contradicts the data in Fig. 2. Most im-
portantly, all reasonable evolutionary scenarios [5,23] pre-
dict maximum NS spin rates that are far below those
observed.

For r-mode stability, a revision of our understanding of
the relevant damping mechanisms is required. We consider
possible resolutions, starting with the viscous boundary
layer. The crust-core transition may be more complex
than has been assumed thus far. This should be expected
given the presence of a type-II superconductor in the outer
core of the star [16]. The details of the transition are likely
to strongly affect the instability window, but the problem
has not attracted real attention. Crust physics may also be
vital. There may be resonances between the r mode and
torsional oscillations of the elastic crust [9]. Such reso-
nances would have a sizable effect on the slippage factor,
leading to a complicated instability window. Figure 3 gives
an example; the illustrated instability window has a rela-
tively broad resonance at 600 Hz, which is the typical
frequency of the first overtone of pure crustal modes.
Although our example is phenomenological (cf. [9]), it
suggests that this mechanism may explain the stability of
LMXBs. Realistic crust models are needed to establish to
what extent this is viable.

Another possibility is an instability window that increa-
ses with temperature [24]. If this is the case, then LMXBs
may evolve to a quasiequilibrium where the r-mode insta-
bility is balanced (on average) by accretion and r-mode
heating is balanced by cooling (as in our temperature
estimates). This solution is interesting because it predicts
persistent (low-level) gravitational radiation. Figure 3

shows a model using hyperon bulk viscosity suppressed
by superfluidity. However, this explanation has a major
problem. We must be able to explain how the observed
millisecond radio pulsars emerge from the accreting
systems. Once the accretion phase ends, the NS will
cool, enter the instability window, and spin down to
!300 Hz (see Fig. 3). In other words, it would be very
difficult to explain the formation of a 716 Hz pulsar [25].
A more promising possibility involves mutual friction

due to vortices in a rotating superfluid. The standard
mechanism (electrons scattered off of magnetized vortices)
is too weak to affect the instability window [26]. However,
if we increase (arbitrarily) the strength of this mechanism
by a factor!25, then mutual friction dominates the damp-
ing (see Fig. 3). Moreover, this would set a spin threshold
for instability similar to the highest observed !s and would
allow systems to remain rapidly rotating after accretion
shuts off. Enhanced friction may result from the interaction
between vortices and proton flux tubes in the outer core, as
proposed in a model for pulsar free precession [27]. This
mechanism has not been considered in the context of
neutron star oscillations and instabilities, but it seems clear
that such work is needed.
In summary, we considered astrophysical constraints on

the r-mode instability provided by the observed LMXBs.
Having refined our understanding of the likely core tem-
peratures in these systems using recent superfluid data, we
showed that several systems lie well inside the expected
instability region. This highlights our lack of understand-
ing of the physics of the instability and the associated
evolution scenarios and at the same time points to several
interesting directions for future work.
W.C.G.H. thanks Peter Shternin for the APR EOS.
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FIG. 3 (color online). Three scenarios that could explain
r-mode stability in the observed LMXBs. Left panel: Crust
mode resonance at 600 Hz. Middle panel: Superfluid hyperons
(based on [7] with " ¼ 0:1). Right panel: Strong vortex mutual
friction (based on the strong or weak superfluidity models
from [29] with B # 0:01). The dashed lines indicate the
break-up limit.
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mode (grey solid line; to plot it, we take the characteristic
time scales τS and τGR from Sec. II and ignore the
mutual friction, τMF ≡∞); (ii) m ¼ 2 ro mode (dashed
line; blue online); (iii) superfluid is mode with m ¼ 2
(dashed line; red online). The latter curves (i)–(iii) are
obtained using the approximation s ¼ 0 (neglecting the
interaction between the superfluid and normal modes).
As one would expect, far from the avoided crossing

point the solid (modes I and II) and dashed (ro and is

modes) lines almost coincide. The region where m ¼ 2
modes I, II, and the octupole m ¼ 3 ro mode are
simultaneously stable is filled with grey in Figs. 4(a)–4(b).
The presence of the “stability peak” at T∞ ≈T∞

0 is an
important characteristic feature of this region. The height
of the peak is determined by the lowest-frequency inter-
section of the mode II instability curve with the other
instability curves. The instability curves for modes I and II
intersect at a very high frequency ν≈1580 Hz; hence, the
lowest-frequency intersection corresponds to that with
the octupole m ¼ 3 ro mode and occurs at ν≈625 Hz.
As a result, at T∞ ¼ T∞

0 the most unstable mode is the
m ¼ 3 ro mode, and the height of the stability peak
is ν≈625 Hz.12

As follows from Fig. 4, the evolution of a NS with such a
complicated structure of instability windows can be accom-
panied by excitation of each of the three oscillation modes.
Therefore, prior to discussing the evolution tracks one
should formulate the equations describing an oscillating
star in a three-mode regime.

B. Three-mode regime

The equations governing the evolution of a NS and
allowing for possible excitation of the three modes (I, II,
and m ¼ 3 ro mode) can be derived in much the same
fashion as it was done in Sec. II [see the one-mode
equations (16), (19), and (20) in that section]. If all the
modes are nonsaturated, they can be written as

dαi
dt

¼ −αi
!

1

τGRi
þ 1

τDissi

"
; ð40Þ

dΩ
dt

¼ −
X

i

2Qiα2iΩ
τDissi

þ _Ωacc; ð41Þ

Ctot
dT∞

dt
¼

X

i

WDissi −Lcool þ Kn
_Mc2; ð42Þ

where we neglect the terms ∝α3i . The index i in
Eqs. (40)–(42) runs over the mode types, and

WDissi ¼
2Eci

τDissi
; ð43Þ
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FIG. 4 (color online). Instability curves for superfluidNSoscillations. The solid curves correspond tom ¼ 2modes I and II (red and blue
online, respectively), which experience avoided crossing at T∞

0 ¼ 1.5 × 108 K. The coupling parameter was chosen to be s ¼ 0.001. The
dashed curves correspond to the m ¼ 2 ro and is modes (blue and red online, respectively) plotted under the assumption that they are
completely decoupled (s ¼ 0). The grey line is the instability curve for them ¼ 3 ro mode, plotted ignoring the resonance coupling with
the superfluid modes. The temperature T∞

0 is shown by the vertical dotted line. Similar to Fig. 2, the panel (b) shows temperatures and
frequencies of the sources from Table I. Only the fastest source 4U 1608-522 is shown in the panel (a). See text for details.

12The octupole m ¼ 3 ro mode can also experience a resonant
coupling with the superfluid m ¼ 3 oscillation modes. However,
the correspondent resonance temperatures are unlikely to be close
to those for the m ¼ 2 ro mode. Therefore, at T∞ ≈T∞

0 the
instability curve for the m ¼ 3 ro mode will hardly be essentially
affected by coupling with superfluid modes.

GUSAKOV, CHUGUNOV, AND KANTOR PHYSICAL REVIEW D 90, 063001 (2014)

063001-14

At the end of the day, the magnetic field may provide the answer...
- slippage at crust-core interface not allowed, but there is still a boundary 

layer due to discontinuous derivatives (how sharp is the phase transition?) 
- damping due to vortex-fluxtube interactions in outer core may be very 

efficient and could also provide a saturation mechanism.

[Ho, NA & Haskell 2011] [Gusakov et al 2014]



J0537-6910
The 16ms x-ray pulsar J0537-6910 is the most energetic young neutron star.
It exhibits frequent (fairly predictable) glitches, roughly every 100 days.
Ideal system for exploring the glitch phenomenon (RXTE 1999-2011).
The overall “braking index” is negative (most likely due to the glitch 
“reversals”), but one may also consider the inter-glitch behaviour. 
Suggests (perhaps!) a trend towards an effective n=7.
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Figure 3. The braking index n as a function of time tpg since the preceding glitch. The data points are obtained from direct fits of (2) over a
sliding window up to 90 days long, which was moved forward by 20 days at each step. The dashed horizontal lines indicate values of n = 3 (as
expected for a spin down dominated by electromagnetic dipole radiation) and n = 7 (which would apply in the scenario explored in this paper).
The insert presents a zoomed-in plot of the same data in logarithmic scale, with the data points corresponding to fits of the first interglitch
interval highlighted in black.

positive, in contrast with Owen et al (1998)), as well as any
external torque N. Letting I be the star’s moment of inertia
and ⌦ the angular spin frequency (we assume uniform rota-
tion for simplicity), we also have

⌦̇ = -2Q⌦↵2

tdiss
+ N

I
(4)

where Q is an equation of state dependent quantity. In this
phenomenological model, the unstable r-mode is assumed to
grow exponentially until it reaches a given saturation ampli-
tude ↵s. From equation (3) we see that, if ↵s takes a fixed
value then (assuming that we can ignore external torques) we
must have tdiss ⇡ tgw. It then follows from equation (4) that
the spin frequency ⌫ = ⌦/2⇡ evolves according to

⌫̇ = -2Q↵2
s⌫

tgw
(5)

If we, in order to keep things simple enough that the scalings
with the star’s mass M and radius R are apparent, consider an
n = 1 polytrope, then the growth time for the l = m = 2 r-mode
is given by (all r-mode timescale estimates are taken from the
review by Andersson & Kokkotas (2001))

tgw ⇡ 5⇥107
✓

M
1.4M�

◆-1✓ R
10 km

◆-4⇣ ⌫

100 Hz

⌘-6
s (6)

Noting that we have Q ⇡ 9.4⇥ 10-2 (Owen et al 1998), it
follows that

⌫̇ ⇡ -4⇥10-7↵2
s

✓
M

1.4M�

◆✓
R

10 km

◆4⇣ ⌫

100 Hz

⌘7
s-2

(7)
and we arrive at the braking index n = 7, as long as ↵s is
constant.

The theory prediction thus accords with the behaviour in-
ferred from the inter-glitch evolution of J0537-6910. This is
an interesting observation, but it does not mean that we are
done. We need to check to what extent this explanation is
consistent. This involves considering poorly known aspects
of neutron star interior physics but we should nevertheless
be able to make some progress. At each step, we need to be
mindful of the assumptions. So far, we have i) ignored exter-
nal torques, which means that the gravitational-wave emis-
sion dominates the spindown, ii) assumed that the unstable
r-mode has reached saturation, and that this corresponds to a
constant amplitude ↵s.

Given these two assumptions, we can combine (7) with the
observed spin parameters for the system. Once we consider a
specific neutron star model for which we can (at least in prin-
ciple) work out the instability growth time, we can turn the
data into a statement about the required saturation amplitude.

First of all, the estimated growth time (6) immediately tells
us that, for a “canonical” neutron star with R = 10 km and
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Equating the two rates, for the observed spin rate, we see that
thermal balance implies a core temperature;

T ⇡ 1.3⇥109↵1/5
s

✓
M

1.4M�

◆19/120✓ R
10 km

◆-19/40

K (15)

Making use of the inferred saturation amplitude from the spin
down, we see that for a 10 km star, thermal balance implies
that T ⇡ 8.6⇥ 108 K. If we take the radius to be 14 km, the
corresponding temperature is T ⇡ 6.4⇥ 108 K. In order to
see if the model is consistent, we compare the two tempera-
tures from (11) and (15) in Figure 4. The figure shows that
we would need the radius of the star to be greater than about
14.5 km in order for the system to be at thermal balance in-
side the r-mode instability window. Of course, one would not
have to change our estimated growth/damping timescales by
much to bring the radius into the suggested radius range (be-
low 14 km). Basically, it may not be unreasonable to suggest
that the instability could operate in this system.

10 12 14 16

R (km)

1e+09

2e+09

T
 (

K
)

thermal X-ray constraint (Fe envelope)

critical temperature for superfluidity

instability threshold

heating=cooling

Figure 4. Comparing the two temperatures from (11) and (15). The
first indicates the threshold above which the r-mode would be unsta-
ble. The second provides the temperature at which r-mode heating
balances modified Urca cooling. The results suggest that we need
the neutron star radius to be greater than about 14.5 km in order
for the system to be at thermal balance inside the r-mode instability
window. However, one would not have to change our estimated
growth/damping timescales by much to bring the radius into the
suggested range of 10-14 km. We also show the X-ray constraint
on the star’s core temperature (which sets an upper limit), assuming
a heavy element (Fe) envelope, as well as an indicative level for the
onset of core superfluidity (with many viable models entering at a
lower level than this).

The various estimates we have used obviously come with
a range of caveats and one should perhaps not read too much
into the conclusion that the r-mode scenario would appear to

be consistent. We have based the argument on simple New-
tonian estimates, which may be adequate for a first attempt
but which cannot be used in combination with a more real-
istic equation of state. If we want to make the model more
realistic, then we have to consider the r-mode problem in gen-
eral relativity (Lockitch et al 2001, 2003). As an alternative,
one could make use of parameterised versions of the different
timescales, as advocated by Alford & Schwenzer (2012).

Based on our estimates, the most important issue relates
to the saturation amplitude, ↵s, which is at least an order of
magnitude larger than predicted. Next, it is legitimate to ask
if it is appropriate to rely on the neutron shear viscosity. One
important issue regards the expected onset of neutron super-
fluidity, which would suppress the shear viscosity. Below
the superfluid transition temperature, the main shear viscos-
ity is due to electron-electron scattering. If we had used the
corresponding damping timescale (see Andersson & Kokko-
tas (2001)) in our estimates then the different temperatures
would not be consistent. However, it could well be that the
outer core of the star has yet to cool below the superfluid tran-
sition. From the sample of relevant pairing gaps considered
in Ho et al (2015b) (see their figure 10) we learn that only
the models with the largest gaps have a critical temperature
above 6 ⇥ 108 K. As our estimated temperatures are (just)
above this, it does not seem unreasonable to assume that the
neutrons are normal and hence that (10) applies. The fact that
the composition of the neutron star core is uncertain is also a
concern, but the main r-mode damping is associated with the
fluid motion at around 70-80% or so of the star’s radius. As
more exotic phases (and states) of matter may not be present
in the star’s outer core, it seems entirely plausible that their
presence (or absence) at higher densities would have little
effect on the r-mode damping.

Before we proceed, let us make one further comment on
the temperature. The core temperatures we require for the
r-mode instability to be active are higher than one would ex-
pect if the star was simply cooling in isolation. Hence, it
is worth considering whether one may be able to use X-ray
observations to constrain the scenario. Taking the observed
non-thermal X-ray luminosity of 6⇥ 1035 erg/s from Chen
et al (2006) as an upper limit on the surface emission, one
would infer a surface temperature of about 5⇥ 106 K. This
converts into a limit on the core temperature of < 2⇥109 K
(Fe envelope) or < 6⇥108 K (for H). The core temperatures
we have inferred would be easily compatible with a heavy
element envelope.

Finally, as an alternative, one may consider the possibility
that the r-mode is stable (as one might have expected in the
first place), but that it is excited by some impulsive mech-
anism. However, it is not straightforward to make a stable
r-mode scenario consistent with the observations. In order to
arrive at the suggested braking index of n = 7 we need the

Requires a fixed “saturation amplitude”

This is larger than expected from “theory” 
(nonlinear mode coupling=messy).

A braking index of n=7 could be explained by gravitational waves from an 
unstable r-mode:
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Figure 3. The braking index n as a function of time tpg since the preceding glitch. The data points are obtained from direct fits of (2) over a
sliding window up to 90 days long, which was moved forward by 20 days at each step. The dashed horizontal lines indicate values of n = 3 (as
expected for a spin down dominated by electromagnetic dipole radiation) and n = 7 (which would apply in the scenario explored in this paper).
The insert presents a zoomed-in plot of the same data in logarithmic scale, with the data points corresponding to fits of the first interglitch
interval highlighted in black.

positive, in contrast with Owen et al (1998)), as well as any
external torque N. Letting I be the star’s moment of inertia
and ⌦ the angular spin frequency (we assume uniform rota-
tion for simplicity), we also have

⌦̇ = -2Q⌦↵2

tdiss
+ N

I
(4)

where Q is an equation of state dependent quantity. In this
phenomenological model, the unstable r-mode is assumed to
grow exponentially until it reaches a given saturation ampli-
tude ↵s. From equation (3) we see that, if ↵s takes a fixed
value then (assuming that we can ignore external torques) we
must have tdiss ⇡ tgw. It then follows from equation (4) that
the spin frequency ⌫ = ⌦/2⇡ evolves according to

⌫̇ = -2Q↵2
s⌫

tgw
(5)

If we, in order to keep things simple enough that the scalings
with the star’s mass M and radius R are apparent, consider an
n = 1 polytrope, then the growth time for the l = m = 2 r-mode
is given by (all r-mode timescale estimates are taken from the
review by Andersson & Kokkotas (2001))

tgw ⇡ 5⇥107
✓

M
1.4M�

◆-1✓ R
10 km

◆-4⇣ ⌫

100 Hz

⌘-6
s (6)

Noting that we have Q ⇡ 9.4⇥ 10-2 (Owen et al 1998), it
follows that

⌫̇ ⇡ -4⇥10-7↵2
s

✓
M

1.4M�

◆✓
R

10 km

◆4⇣ ⌫

100 Hz

⌘7
s-2

(7)
and we arrive at the braking index n = 7, as long as ↵s is
constant.

The theory prediction thus accords with the behaviour in-
ferred from the inter-glitch evolution of J0537-6910. This is
an interesting observation, but it does not mean that we are
done. We need to check to what extent this explanation is
consistent. This involves considering poorly known aspects
of neutron star interior physics but we should nevertheless
be able to make some progress. At each step, we need to be
mindful of the assumptions. So far, we have i) ignored exter-
nal torques, which means that the gravitational-wave emis-
sion dominates the spindown, ii) assumed that the unstable
r-mode has reached saturation, and that this corresponds to a
constant amplitude ↵s.

Given these two assumptions, we can combine (7) with the
observed spin parameters for the system. Once we consider a
specific neutron star model for which we can (at least in prin-
ciple) work out the instability growth time, we can turn the
data into a statement about the required saturation amplitude.

First of all, the estimated growth time (6) immediately tells
us that, for a “canonical” neutron star with R = 10 km and
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M = 1.4M� spinning at the observed ⌫ = 62 Hz, the growth
time would be tgw ⇡ 30 years. That is, the mode would not
quickly regrow if it were disrupted by the frequent glitches.
We also see that we need to keep an eye on the relatively high
power of the stellar radius. If we consider the current radius
constraint from X-ray observations, R = 10 - 14 km (Steiner
et al 2017), then the growth time would be shorter by about a
factor of 4 for the largest neutron stars.

Next, making use of the observed ⌫̇ = 1.99⇥ 10-10 Hz/s,
we see that an r-mode dominated spin down requires

↵s ⇡ 0.12
✓

M
1.4M�

◆-1/2✓ R
10 km

◆-2

(8)

That is, if we consider the radius to be 14 km, then the re-
quired amplitude is about a factor of 2 smaller.

If we assume that the star has been spinning down accord-
ing to (7) throughout most of its history, and that it was ini-
tially spinning much faster than it is today, we can estimate
the age. This way, we find that the evolution to the current
spin-rate, ⌫, takes place on a timescale

tsd ⇡ 4.2⇥109
⇣ ↵s

0.1

⌘-2⇣ ⌫

100 Hz

⌘-6
s (9)

If we let ↵s have the predicted value then it would take 1,600-
6,000 years for a star with radius in the range 10 - 14 km to
reach the current spin rate. This is in good agreement with
the estimated age of the supernova remnant, 1-5,000 years
(Wang & Gotthelf 1998; Chen et al 2006).

However, given what we think we know about the mecha-
nism that determines the r-mode saturation, the estimated ↵s

is uncomfortably large. It is generally expected that the non-
linear coupling between the large scale r-mode and the sea
of shorter wavelength inertial modes will lead to saturation
at ↵s < 10-2 (Arras et al 2003). Is this a fatal objection to
the proposed scenario? Possibly, but one can imagine ways
of reducing the tension. First, it could be that the growth
timescale is shorter than the estimate in (6). We know, for
example, that the result for a uniform density star is about a
factor of 2 smaller than (6) (Andersson & Kokkotas 2001).
But this is not enough to make the results consistent. In-
stead we may consider the saturation mechanism. The level
of saturation is expected to be close to the threshold where
the nonlinear coupling between the r-mode and a pair of iner-
tial daughter modes becomes parametrically unstable (Arras
et al 2003). The threshold amplitude depends on the damping
rates of the (supposedly stable) daughter modes and the level
of frequency detuning (how close the mode frequencies are
to resonance). Focussing on the former of these factors, we
note that an increase in the daughter mode damping rate by
some factor would affect the r-mode saturation by the same
factor. That is, a more efficient damping of short wavelength
daughter modes could bring the theoretical estimate closer to

the required saturation amplitude. The question is if this is
reasonable.

In order to discuss this issue, we need to consider the pos-
sible dissipation mechanisms that may act on an unstable r-
mode. In the simplest model, the dominant dissipation is the
macroscopic shear viscosity due to neutron-neutron scatter-
ing. In this case we have a damping timescale (Andersson &
Kokkotas 2001)

tsv ⇡ 6.7⇥105
✓

M
1.4M�

◆-5/4✓ R
10 km

◆23/4✓ T
108 K

◆2

s

(10)
In order for the star to be in the unstable regime, so that

the previous arguments hold, we need the damping rate to
be slower than the growth rate from (6). This leads to the
condition;

T > 8.6⇥108
✓

M
1.4M�

◆1/8✓ R
10 km

◆-39/8⇣ ⌫

100 Hz

⌘-3
K

(11)
The weak scaling with the star’s mass means that the depen-
dence on the radius is dominant. For the observed spin-rate
⌫ = 62 Hz, we would need T > 3.6⇥109 K for a 10 km star.
This is uncomfortably hot. However, if we take the radius to
be 14 km, then we only need need T > 7⇥108 K. As a use-
ful comparison, we note that one would expect the star (in
absence of any instability) to have cooled to a temperature of
roughly T ⇡ 2⇥108 K (Ho et al 2015a). The relatively high
temperature threshold simply reflects the expectation that we
may need a larger than anticipated r-mode instability window
in order to accommodate this system.

However, the model has an internal “consistency check”.
The friction associated with the viscosity heats the star. Af-
ter some time of evolution, one would expect this heating to
balance to cooling due to neutrino emission. This balance
dictates the star’s thermal evolution. The mode heating fol-
lows from

Ėsv =
↵2J̃⌦2MR2

tsv
(12)

For an n = 1 polytrope, we have J̃ ⇡ 1.635⇥ 10-2 (Owen et
al 1998) so

Ėsv ⇡ 2.7⇥1043↵2
s

✓
M

1.4M�

◆9/4✓ R
10 km

◆-15/4

⇥
⇣ ⌫

100 Hz

⌘2
✓

T
108 K

◆-2

erg/s (13)

This should be compared to the neutrino luminosity associ-
ated with the modified Urca reaction. Using the estimated
neutrino luminosity from Shapiro & Teukolsky (1983) we
have (for a constant density star)

ĖmU ⇡ 5.6⇥1031
✓

M
1.4M�

◆2/3✓ R
10 km

◆✓
T

108 K

◆8

erg/s

(14)

The spin-down age would be 
consistent with the supernova 
remnant.

Fairly consistent with the largest 
predicted instability window 
(note: LMXBs become more problematic) 



Still, the idea may be “testable”…
The gravitational-wave amplitude follows from the observed spin+spindown. 
We get

Assuming radius in the range 10-14 km;

Rough comparison to LIGO O1 sensitivity suggests the detectors are almost at 
this level. Advanced LIGO at design sensitivity should “detect” this kind of 
signal after a 2 month integration.
But… this assumes a targeted search with a known timing solution. This would 
require new x-ray observations, suggesting a joint campaign with NICER. 
Note: A “directed” search is a factor of 3-5 or so less sensitive so the integration 
time increases by a factor of 9-25 = not so easy.
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gravitational-wave emission to dominate the spin down and
the result requires a constant mode amplitude. While one
can easily evolve the mode amplitude in the stable regime,
the result tends to be very different from what we require.
Moreover, the impulsive mode excitation is problematic. One
would need to pump a lot of energy into the mode, much
more than seems allowed by the energy budget associated
with the glitches. The unstable r-mode scenario resolves
these issues in a seemingly natural way.

While our arguments suggest that the unstable r-mode sce-
nario may accommodate J0537-6910, it is important to keep
in mind that this would involve a large instability region at
the inferred (relatively high) temperatures. The physics may,
in principle, allow for this, but there is an obvious tension
between this scenario and the many observed fast spinning
accreting neutron stars in low-mass X-ray binaries (Ho et
al 2011; Haskell et al 2012; Mahmoodifar & Strohmayer
2017; Patruno et al 2017). In order for those systems not to
spin down due the r-mode instability, the threshold must be
around 600 Hz at a core temperature a factor of a few lower
than (15). This would require the instability to have a sharp
feature in a fairly narrow temperature range. This could be
problematic, but one can think of scenarios that would predict
this behaviour. For example, the onset of core superfluidity,
which brings vortex-mediated mutual friction into play, may
have exactly this effect (see for example figure 6 in Haskell
et al (2009)).

4. OBSERVATIONAL TESTS

The observational evidence and the theoretical estimates
clearly do not settle the issue, but we can clearly not rule
out the notion that the r-mode instability may impact on the
spin-evolution2 of J0537-6910. We do not have to bend our
understanding of the physics very much to make the obser-
vations fit the theory. Given this, let us consider the problem
from an observational point-of-view. To be specific; can we
use observations to constrain our ignorance about the theory?

There are two (obvious) ways to address this question. Ad-
ditional X-ray timing of the pulsar may strengthen (or not)
the argument in favour of a braking index close to n = 7. This
would be further evidence in favour of the r-mode scenario,
but it would still be circumstantial. Meanwhile, a dedicated
gravitational-wave search may provide a limit on the allowed
r-mode amplitude. Since we require the gravitational-wave
emission to dictate the observed spin down one might be able
to set a strong enough constraint to rule this out. In reality,
the two kinds of observations are linked. In order to achieve

2 Note that a comprehensive model must also be able to accommodate
the long-term behaviour of the pulsar, which is governed by an effective
negative braking index, possibly related to permanent ⌫̇ offsets associated
with the glitches.

the best gravitational-wave sensitivity one would need a re-
liable timing solution, e.g. provided by NICER. In absence
of this one would have to fall back on a less optimal search
strategy.

In order to set the stage for a more detailed discussion
of the detection problem, we assess the detectability of the
emerging gravitational waves in the standard way. First of
all, we note that (ignoring relativistic correction, see below)
the frequency of the emerging gravitational waves is (for the
main l = m = 2 r-mode)

fgw =
4⌫
3

⇡ 83 Hz . (16)

We combine this with the gravitational-wave flux formula,
making use of the idealised source-detector configuration
used for deformed spinning stars (Watts et al 2008; Owen
2010). That is, we use (assuming an optimal orientation)

h2
0 =

10G
c3

✓
1

2⇡ fgwd

◆2

Ė (17)

where d is the distance to the source. Combining this with
the gravitational-wave luminosity for the r-modes, we arrive
at

h0 ⇡
3↵s

4d

✓
10GMR2J̃

c3tgw

◆1/2

(18)

Scaling to suitable parameter values, we have

h0 ⇡ 7.5⇥10-25↵s

✓
M

1.4M�

◆✓
R

10 km

◆3⇣ ⌫

100 Hz

⌘3
✓

50 kpc
d

◆

(19)
Assuming that the r-mode amplitude is, indeed, the ↵s in-
ferred from the spin down and that the distance to the pulsar
is 50 kpc, we have h0 ⇡ 2-3⇥10-26 for a neutron star radius
in the range 10 - 14 km.

As a rough idea of the detectability of this signal, let us
assume that the system does not evolve much during the ob-
servation period (the frequent glitches may be a problem).
Then the effective amplitude increases as the square root of
the observing time tobs and we simply assess the detectability
by comparing

p
tobsh0(t) to 11.4

p
Sn, where Sn is the power

spectrum of the detector noise.
For a targeted search, the comparison we need is, in fact,

straightforward. We can use the most recent targeted search
for continuous gravitational waves, based on about 70 days
of LIGO data from the first observing run (O1), from Abbott
et al (2017d). Estimating the sensitivity at fgw ⇡ 80 Hz from
Figure 1 in that paper, we see that h0 ⇡ 3⇥10-26, very close
to our estimated strain. This is obviously interesting. Of
course, we need to do a little bit better to rule out (or in!) the
scenario. If we instead consider advanced LIGO operating
at design sensitivity, then we would have

p
Sn ⇡ 4⇥ 10-24

at the frequency we are interested in (see figures in Abbott
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would be further evidence in favour of the r-mode scenario,
but it would still be circumstantial. Meanwhile, a dedicated
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r-mode amplitude. Since we require the gravitational-wave
emission to dictate the observed spin down one might be able
to set a strong enough constraint to rule this out. In reality,
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In order to set the stage for a more detailed discussion
of the detection problem, we assess the detectability of the
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20 years later…

1. Are the r-modes unstable in a realistic neutron 
star model (magnetic field)?

2. Why does the growth of an unstable mode 
saturate and what is the achieved amplitude?

3. How does a star with an active instability actually 
evolve (differential rotation)?

Two decades after the “discovery” of the r-mode instability – and despite a 
fair amount of scrutiny – the r-modes remain a “viable” GW source. 
This could be the mechanism that limits neutron star spin, but… the 
instability window depends on core physics (composition/state of 
matter/transport coefficients).
The key questions remain;


