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•	Gravita(onal	Waves	exist	and	affect	our	(laser	interferometric)	
detectors	as	expected	(by	most	people...)!
• Stellar-Mass	Binary	Black	Holes	exist	(first	evidence),	they	merge	
and	form	another	(bigger)	black	hole!

• The	LIGO-Virgo	collabora(on	has	detected	the	coalescence	and	
merger	of	5	Binary	Black	Holes	and	a	Binary	Neutron	Star	(with	lots	
of	electromagne(c	counterparts).

• First	direct	associa(on	of	a	BNS	merger	with	a	short	gamma-ray	
burst	(GRB),	the	closest	known	so	far.

• The	BNS	is	the	first	known	outside	our	galaxy.

•	First	measurement	of	the	Hubble	constant	using	gravita(onal	
waves	(for	the	determina(on	of	the	luminosity	distance).

• Stellar-Mass	Black	Holes	with	masses	above	30									exist!M⊙

Current Situation of Gravitational Wave Astronomy
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•	First	confirma(on	of	the	kilonova	mechanism	for	the	forma(on	of	
the	heaviest	elements.

• CMB	polariza(on	experiments	are	improving	on	ground	and	they	
are	sensi(ve	to	interes(ng	values	of	‘r’.			Concepts	for	space	are	
being	proposed.

• The	LISA	Pathfinder	mission	of	the	European	Space	Agency	(ESA)	
has	just	demonstrated	the	technology	for	the	future	LISA	space-
based	observatory	(the	ESA-L3	mission),	with	launch	in	~2030.

• Pulsar	(ming	arrays	have	achieved	a	sensi(vity	in	the	discovery	
region	of	the	expected	parameter-space	for	GW	backgrounds	
produced	by	supermassive	black	hole	binaries

Current Situation of Gravitational Wave Astronomy
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- Brief Introduction to General Relativity  

- Gravitational Waves in Linearized Gravity 

- Interaction of Gravitational Waves with Matter  

- Summary of Properties of Gravitational Waves  

- The Gravitational Wave Spectrum: Sources & 
Detectors  

- Energy-Momentum Content of Gravitational Waves  

- Generation of Gravitational Waves  

- Inspiral of Compact Binaries
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Einstein 
Dynamics

General  
Covariance

Einstein  
Gravity

t0 = f(t, x)

x0 = g(t, x)

Consistent!!

Both included 
in Einstein’s 

Field Equations

rµT
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8⇡G

c4
Tµ⌫

Relativistic Gravitation (General Relativity)
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✴ Linearized gravity is a good approximation when the local 
spacetime geometry deviates slightly from flat spacetime:

Gravitational Waves in Linearized Gravity

gμν = ημν + hμν , |hμν | ≪ 1 (μ, ν, … = 0 − 3; ημν = diag(−1,1,1,1))

✴ Some relevant formulae:

hμ
ν = ημρhρν , hμν = ημρηνσhρσ , h = ημνhμν

gμν = ημν − hμν + 𝒪(h2)

Γμ
ρσ =

1
2

gμλ (∂ρgσλ + ∂σgρλ − ∂λgρσ) =
1
2

ηνλ (∂ρhσλ + ∂σhρλ − ∂λhρσ) + 𝒪(h2)

Rμ
νρσ = ∂ρΓμ

νσ − ∂ρΓμ
νσ + Γμ

λρΓλ
νσ − Γμ

λσΓλ
νρ

=
1
2 (∂2

ρνhμ
σ + ∂σ∂μhνρ − ∂ρ∂μhνσ − ∂2

σνhμ
ρ)
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Gravitational Waves in Linearized Gravity
✴ Some relevant formulae:

Rμν = Rρ
μρν =

1
2 (∂2

ρνhρ
σ + ∂μ∂ρhνρ − □hμν − ∂2

μνh) + 𝒪(h2)

Gμν = Rμν −
1
2

gμνR =
1
2 (∂2

ρνhρ
σ + ∂μ∂ρhνρ − □hμν − ∂2

μνh − ημν∂ρ∂σhρσ + ημν □ h) + 𝒪(h2)

R = gμνRμν = ∂μ∂νhμν − □h + 𝒪(h2)

✴ Linearized Einstein Field Equations:

□ h̄μν + ημν∂ρ∂σh̄ρσ − ∂ν∂ρh̄μρ − ∂μ∂ρh̄νρ = −
16πG

c4
Tμν

h̄μν = hμν −
1
2

ημνh



Carlos F. Sopuerta (Institute of Space Sciences, ICE-CSIC & IEEC)
2nd ICE Summer School: Gravitational Wave Astronomy (2-6 July 2018)

Gravitational Waves in Linearized Gravity
✴ Gauge Freedom in Linearized Gravity:

xμ ⟶ xμ′� = xμ + ξμ ; |ξμ | ≪ 1

✴ Lorenz Gauge Condition:

∂μh̄μν = 0

hμν ⟶ h′�μν = hμν − ∂μξν − ∂νξμ

h̄μν ⟶ h̄′�μν = h̄μν − ∂μξν − ∂νξμ + ημν∂ρξρ

✴ Remaining Freedom in the choice of Gauge:

∂μh̄′�μν = ∂μh̄μν − □ξν . Then : ∂μh̄′�μν = 0 ⟹ □ ξν = ∂μh̄μν
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Gravitational Waves in Linearized Gravity
✴ Then, if initially we are in the Lorenz Gauge, to stay in this family 
of gauges the transformation vector has to satisfy:

∂μh̄μν = 0 ⟹ □ ξν = 0

✴ Linearized Einstein Field Equations in the Lorenz Gauge:

□ h̄μν = −
16πG

c4
Tμν

That is, the metric perturbation propagate exactly as waves, at the 
speed of light, in the Lorenz Gauge.  From now, we will assume we 
are in vacuum.
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Gravitational Waves in Linearized Gravity
✴ Traceless-Transverse (TT) Gauge:  By using the remaining freedom 
in the choice of the Lorenz Gauge we can impose (in vacuum):

htt = hti = 0 (spatial character of the metric perturbations)

h = hi
i = 0 (traceless character)

∂μhμν = 0 ⟹ ∂ihij = 0 (transverse character)

The “TT” Gauge conditions completely fix the local gauge freedom.

✴ The metric perturbations in the TT Gauge contain only physical 
(non-gauge) information. 
✴ The only independent component of the Riemann tensor in the  
TT Gauge is (the others can be found from this one and the 
properties of the Riemann tensor):

Rtitj = −
1
2

∂2
t hTT

ij
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Interaction of Gravitational Waves with Matter
✴ The solution, in the TT Gauge, for a wave travelling in the z 
direction, is given by:

where:

(hTT
μν ) =

0 0 0 0
* h+ h× 0
* * −h+ 0
* * * 0

h+,× = h+,×(t ± z /c)



Carlos F. Sopuerta (Institute of Space Sciences, ICE-CSIC & IEEC)
2nd ICE Summer School: Gravitational Wave Astronomy (2-6 July 2018)

Interaction of Gravitational Waves with Matter
✴ Free falling (massive) test particles follow timelike geodesics:

d2zμ(τ)
dτ2

+ Γμ
ρσ

dzρ(τ)
dτ

dzσ(τ)
dτ

= 0

gμν
dzμ(τ)

dτ
dzν(τ)

dτ
= − c2

where     denotes proper time and the four-velocity satisfiesτ

✴ From here we deduce that in the linear theory, and using the TT 
gauge, the coordinate location of a slowly-moving free-falling body is 
unaffected by passing Gravitational Waves:

d2zi

dt2
= − c2Γi

tt ≈ 0
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Interaction of Gravitational Waves with Matter
✴ However, the proper distance between two test bodies (B1 and 
B2) in free-fall oscillates as the GW passes by

L(t) = ∫B1−B2 line
ds2 = ∫

Lc

0
dx gxx(t, z) = ∫

Lc

0
dx 1 + hTT

xx (t − z /c)

≈ ∫
Lc

0
dx (1 +

1
2

h+ z=0) = Lc (1 +
1
2

h+ z=0)

z

x

y

Lc

0

B2
B1

Therefore, 

δL
L

≈
1
2

hTT
xx (t, z = 0) =

1
2

h+(t, z = 0)
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✴ The effect of gravitational waves on matter is to change the 
proper distance between the matter constituents:

+ Polarization

x Polarization

∆L	~	(GW	strain	amplitude)	x	L	 
						=															h																	x	L

L:Proper	
distance	
between	
“test”	
bodies

GWs	in	GR	have	2	independent	polarizations!Det
ect

ion
 Co

nce
pt!

Summary of Properties of Gravitational Waves
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Both	travel	at	the	speed	of	light	(as	measured	locally)

✴ Comparison with Electromagnetic Waves: Things in 
common

Both	are	transverse	waves

Both	have	electric	(polar)	and	magnetic	(axial)	components

Summary of Properties of Gravitational Waves
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GWs	are	generated	by	time-dependent		
distributions	of	energy	and	momentum

EMWs	are	generated	by	accelerated		
charges

Dipole	is	the	lowest	order	time-dependent	
distribution	that	can	generate	EMWs	  

(charge	conservation)

Quadrupole	is	the	lowest	order		
time-dependent	distribution	that	can		
generate	GWs	(mass	and	linear	 
momentum	conservation)

EMWs	are	good	for	imaging	the	source	
GWs	are	not	good	for	imaging	the	source. 
Information	is	extracted	by	means	of	  

audio-like	methods	

The	Frequency	spectra	of	GWs	and	EMWs	associated	with	
cosmic	phenomena	is	almost	complementary

✴ Comparison with Electromagnetic Waves: 
Differences

EMWs	arise	from	interactions	of	atoms,  
nuclei,	etc.	within	the	astrophysical		

source:		 

GWs	are	generated	by	the	bulk	mass	
distribution	of	the	sources:  

	
�EM ⌧ Lsource

�GW ⇠ Lsource

It	is	extremely	important	to	have	 
a	priori	precise	(theoretical) 
knowledge	of	the	waveforms!

Summary of Properties of Gravitational Waves
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Detection is based on the deposition of 
energy (photons) in the detector:

Detection based on the inference of the 
radiative gravitational field (h~1/r), not 

on the energy flux:

LGW ⇠
✓
dh

dt

◆2

⇠ 1

D2
L

LEM ⇠ 1

D2
L

 The interaction with matter is important: 
dispersion, absorption, …

Very week interaction with matter: 
dispersion and absorption are  

negligible.

✴ Comparison with Electromagnetic Waves: 
Differences

Then, an enhancement in the detector 
sensitivity of a factor 2 increases the 

visible volume of the sky in a factor 8!

Summary of Properties of Gravitational Waves
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• We detect GW amplitudes (h ~ 1/r), not energy fluxes (dE/dt ~ (dh/
dt)x(dh/dt) ~ 1/r^2).   Then, an enhancement in the detector sensitivity 
of a factor 2 increases the visible volume of the sky in a factor 8!

• GWs from cosmological sources at z > 1 suffer significantly from 
lensing).  Affects Luminosity distance estimation.

• GWs are direct probes of spacetime curvature and strong gravity 
(radiative) regimes.  They will provide observations of strong gravity 
regions not transparent to EM waves.

✴ Some Important Facts:

• Degeneracy with redshift: M(z) = (1+z)M

Summary of Properties of Gravitational Waves
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• GR has only two independent 
polarizations [(a) and (b) in the 
Figure] and corresponds to type 
N2 in the E(2) classification .  

Eardley, Lee, Lightman, Will, Wagoner:  
Phys. Rev. Lett. 30, 884 (1974)

Plot from C. Will (LRR, 2006)

• An alternative theory of gravity 
may have up to six independent 
polarizations.

✴ GW Polarizations [GWs in Metric Theories of 
Gravity]:

Summary of Properties of Gravitational Waves
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<- Mass/Energy<- GW Detector Armlength
Credit: Ira 


Thorpe (NASA)

 Gravitational Wave Spectrum (with Sources & Detectors)
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‣ The Ultra-low Frequency Band:
10�18 Hz � f � 10�13 Hz

‣ The very Low Frequency Band:

10�9 Hz � f � 10�7 Hz

‣ The Low Frequency Band:
10�5 Hz � f � 1 Hz

‣ The High Frequency Band:

1 Hz � f � 104 Hz

‣ The very High Frequency Band:
f > 10

4
Hz

The Gravitational-Wave Spectrum
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Compact Binary System Coalescence

NS-NS, BH-BH, BH-NS

Core Collapse Supernovae

Stochastic Signals/ 
Gravitational Wave BackgroundsOscillations of Relativistic Stars

r-Modes “mountains” in Neutron Stars

Gravitational Wave Sources (HF Band)
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11 February 2016 15 June 2016 1 June 2017 27 September 2017

What have LIGO-Virgo found?
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What have LIGO-Virgo found?
BBH detected waveforms
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Masses of known Black Holes
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What have LIGO-Virgo found?
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What have LIGO-Virgo found?
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✴ The Low-Frequency Band (0.1 mHz - 1 Hz):

The GW Sky
Massive	Black	Holes	mergers	(104	to	108	M☉)	

Extreme	Mass	Ra(o	Inspirals,	EMRIs		
(1	to	10	M☉	into	104	to	5	x	106	M☉)

Ultra-Compact	Binaries	in	the	Milky	Way GW	Stochas(c	Signals

Guaranteed Sources!

Gravitational Wave Sources (LF Band)
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Stochas(c	Background	from	Supermassive	Black	
Holes	mergers	(108	to	1010	M☉)	

Cosmic Strings

GW	Stochas(c	Signals

Gravitational Wave Sources (VLF Band)
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Gravitational waves from inflation generate a faint but distinctive twisting pattern in the 
polarization of the CMB, known as a "curl" or B-mode pattern. For the density fluctuations that 
generate most of the polarization of the CMB, this part of the primordial pattern is exactly zero. 
Shown here is the actual B-mode pattern observed with the BICEP2 telescope, with the line 
segments showing the polarization from different spots on the sky. The red and blue shading 
shows the degree of clockwise and anti-clockwise twisting of this B-mode pattern.

1 aHz < f < 0.1 pHz

CMB Polarization Experiments and the ULF Band



Energy-Momentum Content 
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Energy-Momentum Content of Gravitational Waves
✴ The fact that Gravitational Waves carry energy and momentum is 
clear from the study of their interaction with matter:  We have seen 
how gravitational waves put in motion a circle of test particles. 

✴ General Relativity tells us that any form of energy contributes to 
the curvature of spacetime.  Then, we can ask ourselves whether 
Gravitational Waves are themselves a source of space-time 
curvature.

✴ To that end we need a framework in which to separate 
Gravitational Waves from a curved background spacetime.  If we 
would do as in linear theory, fixing the flat background spacetime, 
we would prevent Gravitational Waves from curving the background 
spacetime.  Instead, we need to treat the background as a dynamical 
background metric.
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Energy-Momentum Content of Gravitational Waves
✴ Then, we start from the following separation:

gμν(xρ) = ḡμν(xρ) + δgμν(xρ) , |δgμν | ≪ 1

✴ The question is: How do we decide which part of the spacetime 
metric is background and which part correspond to the fluctuations 
induced by the gravitational waves?

✴ The answer is that this depends on whether we can establish a 
clear separation of scales.  For instance, a clear separation can be 
done if, given a particular coordinate system, we have:

ḡμν is a metric with a scale of variation LB

δgμν are superimposed small amplitude perturbations
 characterized by a wavelength λ  such that

λ/(2π) ≪ LB
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Energy-Momentum Content of Gravitational Waves
✴ This is a separation based on spatial scales.  Something similar can 
be done in terms of frequencies.  In this case, the background is a 
slowly varying geometry and the perturbations are high-frequency 
perturbations that satisfy: 

✴ The expansion around the background based on these separations 
based on scales (spatial and temporal) is called the short-wave 
approximation scheme. 

f ≫ fB

✴ Let us start with the trace-reversed form of Einstein’s equations:

Rμν =
8πG
c4 (Tμν −

1
2

gμνT)
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Energy-Momentum Content of Gravitational Waves
✴ Let us expand now the Ricci tensor to second order: 

✴ Observations: 

Rμν = R̄μν + R(1)
μν + R(2)

μν + 𝒪(δg3)

R̄μν only contains the background metric ḡμν and hence,
only contains low-frequency modes

R(1)
μν is linear in δgμν and hence,

only contains high-frequency modes
R(2)

μν is quadratic in δgμν and hence,
contains both low- and high-frequency modes
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Energy-Momentum Content of Gravitational Waves
✴Therefore, the Einstein equations can be split into two separate 
equations for the low- and high-frequency parts: 

R̄μν = − R(2),Low
μν +

8πG
c4 (Tμν −

1
2

gμνT)
Low

R(1)
μν = − R(2),High

μν +
8πG
c4 (Tμν −

1
2

gμνT)
High
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Energy-Momentum Content of Gravitational Waves
✴ Scales of variation:

∂ḡμν ∼
1
LB

∂δgμν ∼
δgμν

λ

R̄μν ∼ ∂2ḡμν ∼
1
L2

B
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Energy-Momentum Content of Gravitational Waves
✴ We can write the equation for the Ricci background using an 
averaging over the many wavelengths: 

R̄μν = − < R(2)
μν >λ +

8πG
c4

< Tμν −
1
2

gμνT >λ

✴ We now introduce an effective energy-momentum tensor of 
matter: 

< Tμν −
1
2

gμνT >λ = T̄μν −
1
2

ḡμνT̄
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Energy-Momentum Content of Gravitational Waves

tμν = −
c4

8πG
< R(2)

μν −
1
2

gμνR(2) >λ

✴ We can also introduce the following "energy-momentum" tensor: 

− < R(2)
μν >λ =

8πG
c4 (tμν −

1
2

ḡμνt)

 and define its trace as follows

t = ḡμνtμν =
c4

8πG
< R(2) >λ

 then



Carlos F. Sopuerta (Institute of Space Sciences, ICE-CSIC & IEEC)
2nd ICE Summer School: Gravitational Wave Astronomy (2-6 July 2018)

Energy-Momentum Content of Gravitational Waves
✴ Combining all these equations we can arrive at the following 
“coarse-grained" form of the Einstein equations:

R̄μν −
1
2

ḡμνR̄ =
8πG
c4 (T̄μν + tμν)

These equations determine the dynamics of the background metric 
in terms of the long-wavelength of the matter energy-momentum 
tensor and in terms of a tensor that is quadratic in the metric 
(short-wave) fluctuations.  
 
It shows the effect of the Gravitational Waves on the background 
curvatures, which appear to be in the form of an “effective" energy-
momentum tensor.
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Energy-Momentum Content of Gravitational Waves
✴ The Energy-Momentum Tensor of Gravitational Waves:  We can 
identify the metric fluctuations with the gravitational waves described 
in the Lorenz gauge.  Then, after some algebra:

tμν =
c4

32πG
< ∂μhαβ∂νhαβ >λ

 and this tensor is gauge independent.  So, it only contains the TT-
modes. We can then replace it with the TT metric perturbations.  The 
energy density is then:

t00 =
c4

32πG
< ·hTT

ij
·hTT

ij >λ
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Energy-Momentum Content of Gravitational Waves

or in terms of the two (GR) gravitational-wave polarizations:

t00 =
c4

16πG
< ·h2

+ + ·h2
× >λ

✴ A consequence of the “coarse-grained" form of the Einstein 
equations is the following conservation law:

∇̄μ(T̄μν + tμν) = 0

and far away from the sources we can write:

∂μtμν = 0
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Energy-Momentum Content of Gravitational Waves
✴ The Energy Flux in Gravitational Waves:  Using the conservation 
law we have just derived and integrating it over a spatial volume V 
bounded by a surface S we have:

dE
dAdt

= ct00 =
c3

32πG
< ·hTT

ij
·hTT

ij >λ

or, using the explicit form of the area element dA:

dA = r2dΩ ⟹
dE
dt

=
c3r2

32πG ∫ dΩ < ·hTT
ij

·hTT
ij >λ
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Energy-Momentum Content of Gravitational Waves

dE
dAdt

=
c3

16πG
< ·h2

+ + ·h2
× >λ

in terms of the gravitational-wave polarizations:

Therefore, the total energy radiated through dA is given by

dE
dA

=
c3

16πG ∫
+∞

−∞
dt < ·h2

+ + ·h2
× >λ =

c3

16πG ∫
+∞

−∞
dt ( ·h2

+ + ·h2
×)
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Energy-Momentum Content of Gravitational Waves

Γμ
ρσ = Γ̄μ

ρσ + δ1Γ
μ
ρσ + δ2Γ

μ
ρσ + 𝒪(δg3)

✴ Some relevant explicit formulae:

δ1Γ
μ
ρσ =

1
2

δgμλ ( ∇̄ρδgσλ + ∇̄σδgρλ − ∇̄λδgρσ)
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Energy-Momentum Content of Gravitational Waves

R(1)
ρσ = −

1
2

□̄ δgμν −
1
2

∇̄ν ∇̄μδg + ∇̄ρ ∇̄(μδgρ
ν)

✴ Some relevant explicit formulae:

R(2)
ρσ =

1
2

ḡρσḡαβ [ 1
2 ( ∇̄μδgρα) ( ∇̄νδgσβ) + ( ∇̄ρδgνα) ( ∇̄σδgμβ − ∇̄βδgμσ)

+δgρα ( ∇̄ν ∇̄μδgσβ + ∇̄β ∇̄σδgμν − ∇̄β ∇̄νδgμσ − ∇̄β ∇̄μδgνσ)
+( 1

2
∇̄αδgρσ − ∇̄ρδgασ) ( ∇̄νδgμβ + ∇̄μδgνβ − ∇̄βδgμν)]



Generation of 
Gravitational Waves
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Generation of Gravitational Waves
✴ Weak-field sources with arbitrary velocity:  The starting point are 
the Linearized Einstein Field Equations in the Lorenz Gauge:

□ h̄μν = −
16πG

c4
Tμν

with:
∂μh̄μν = ∂μTμν = 0

we can solve this using the Green function method:

h̄μν(x) = −
16πG

c4 ∫ d4x′�G(x − x′�) Tμν(x′�)
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Generation of Gravitational Waves

G(x − x′�) = −
1

4π | ⃗x − ⃗x ′�|
δ(x0

ret − x′�0)

where:

x′�0 = ct′�, x0
ret = ctret , tret = t −

| ⃗x − ⃗x ′�|
c

Then, the solution is:

h̄μν(t, ⃗x ) =
4G
c4 ∫ d3x′�

1
| ⃗x − ⃗x ′�|

Tμν (tret, ⃗x ′�)

The corresponding Green's function is the retarded one:
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Generation of Gravitational Waves

where:

Pij( ̂n) = δij − ninj

We can find the solution in the TT gauge by using the TT projector:

hTT
ij = Λij,klh̄kl = Λij,klhkl

Λij,kl( ̂n) = Pik( ̂n)Pjl( ̂n) −
1
2

Pij( ̂n)Pkl( ̂n)

and:

with:

̂n = ̂x =
⃗x

| ⃗x |
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Generation of Gravitational Waves
Then, the solution in the TT gauge is:

hTT
ij (t, ⃗x ) =

4G
c4

Λij,kl( ̂n)∫ d3x′�
1

| ⃗x − ⃗x ′�|
Tkl (t −

| ⃗x − ⃗x ′�|
c

, ⃗x ′�)
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Generation of Gravitational Waves
✴ Low-velocity expansion:  Things simplify a lot when we assume 
that the typical velocities within the gravitational-wave source are 
small as compared to the speed of light.   Near spatial infinity we 
have:

hTT
ij (t, ⃗x ) =

4G
r c4

Λij,kl( ̂n)∫ d3x′�Tkl (t −
r
c

+
⃗x ′ � ⋅ ̂n
c

, ⃗x ′�)
where:

| ⃗x − ⃗x ′�| = | ⃗x | − ⃗x ′� ⋅ ̂n + 𝒪(d2/r) = r − ⃗x ′� ⋅ ̂n + 𝒪(d2/r), and r ≫ d

Then:

Tkl (t −
r
c

+
⃗x ′� ⋅ ̂n
c

, ⃗x ′�) ≈ [Tkl +
x′�ini

c
∂tTkl +

x′�ix′�jninj

2c2
∂2

t Tkl + …] (t −
r
c

, ⃗x ′�)
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Generation of Gravitational Waves
And now the TT gauge metric perturbation has the form:

hTT
ij (t, ⃗x ) =

4G
r c4

Λij,kl( ̂n)[Skl +
nm

c
·Skl,m +

nmnp

2c2
··Skl,mp + …] (t −

r
c )

where:

Sij(t) = ∫ d3x Tij(t, ⃗x ) ,

Sij,k(t) = ∫ d3x Tij(t, ⃗x )xk ,

Sij,kl(t) = ∫ d3x Tij(t, ⃗x )xkxl ,
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Generation of Gravitational Waves
In order understand the physical meaning of this multipolar 
expansion it is more convenient to use the momenta associated 
with the energy density and momentum density:

M(t) =
1
c2 ∫ d3x T00(t, ⃗x ) ,

Mi(t) =
1
c2 ∫ d3x T00(t, ⃗x )xi ,

Mij(t) =
1
c2 ∫ d3x T00(t, ⃗x )xixj ,

Mijk(t) =
1
c2 ∫ d3x T00(t, ⃗x )xixjxk ,

Pi(t) =
1
c ∫ d3x T0i(t, ⃗x ) ,

Pi,j(t) =
1
c ∫ d3x T0i(t, ⃗x )xj ,

Pi,jk(t) =
1
c ∫ d3x T0i(t, ⃗x )xjxk ,
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Generation of Gravitational Waves
All these multipole moments can be related via the energy-
momentum conservation equations:

∂μTμν = 0
For instance:

∂μTμ0 = 0 ⇒ ∂0T
00 = − ∂iT

i0 ⇒ c ·M = ∫V
d3x∂0T

00 = − ∫V
d3x∂iT

i0 = − ∫∂V
dSiT0i = 0

Then:
·M = 0 ,
·Mi = Pi ,
·Mij = Pi,j + Pj,i
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Generation of Gravitational Waves
Similarly:

·Pi = 0 ,
·Pi,j = Sij ,

·Pi,jk = Sij,k + Sik,j

Combining these relations we can write:

··Mij = ·Pi,j + ·Pj,i = Sij + Sji = 2 Sjk ⟹ Sij =
1
2

··Mij
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Generation of Gravitational Waves
✴ Mass Quadrupole Radiation:

[hTT
ij (t, ⃗x )]quad

=
2G
r c4

Λij,kl( ̂n) ··Mkl(t − r/c)

We can now decompose the mass quadrupole into its irreducible 
parts:

Mij = (Mij −
1
3

δijMkk) +
1
3

δijMkk ≡ Qij +
1
3

δijMkk

where:

Qij = ∫ d3x ρ(t, ⃗x )(xixj −
1
3

r2δij) , ρ =
1
c2

T00
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Generation of Gravitational Waves

[hTT
ij (t, ⃗x )]quad

=
2G
r c4

Λij,kl( ̂n) ··Qkl(t − r/c) ≡
2G
r c4

··QTT
ij (t − r/c)

Using the properties of the TT projector (its traceless character) 
we finally have:

✴ Radiated Energy:  The Quadrupole Formula:

dE
dAdt

=
c3

32πG
< ·hTT

ij
·hTT

ij >λ ⇒
dP
dΩ

=
G

8πc5
Λij,kl( ̂n) < ···QTT

ij
···QTT

ij >λ

and from here the total power is:

Pquad =
G

5c5
< ···QTT

ij
···QTT

ij >λ



Inspiral of Compact 
Binaries
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Inspiral of Compact Binaries
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Inspiral of Compact Binaries

✴ Newtonian Binary:
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Inspiral of Compact Binaries



Tests of General Relativity
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First of all, I found equations containing the Newtonian 
theory as an approximation…

"I have just completed the most splendid work of my life..."

                                   --to his son Hans Albert, 1915
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Tests of General Relativity

S.G. Turyshev (2008)  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• In General Relativity, Gravity is described by a 
metric tensor that couples in a universal way with 
the matter fields of the Standard Model (Einstein 
Equivalence Principle). 

• This universal coupling has a number of 
implications for experiments and observations..

Tests of General Relativity
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• The outcome of local non-gravitational experiments, 
referred to local standards, does not depend on where, 
when, and in which locally inertial frame, the 
experiment is performed.

• This means that local experiments should neither feel 
the cosmological evolution of the Universe (constancy 
of the constants), nor exhibit preferred directions in 
spacetime (isotropy of space, local Lorentz invariance).

• In addition, we have the Weak Equivalence principle, 
which has been tested many times.

Tests of General Relativity
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C.M. Will (2014)  

Tests of General Relativity
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C.M. Will (2014)

Tests of General Relativity

Bounds on changes of non-gravitational constants
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Tests of General Relativity

C.M. Will (2014)
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C.M. Will (2014)  

Parametrized Post-Newtonian (PPN) 
Formalism

Tests of General Relativity
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C.M. Will (2014)

Tests of General Relativity
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F = G
m1m2

r2

h
1 + ↵

⇣
1 +

r

�

⌘
e�r/�

i

Blayne Heckel

• Modifications of Newtonian Gravity

This includes gauge bosons; 
extra-dimensional models; 
dark energy scale probes. 

Tests of General Relativity
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M. Masuda, M. Sasaki: Limits on 
Nonstandard Forces in the 
Submicrometer Range. 
Phys. Rev. Lett. 102 (2009) 171101

A.A. Geraci et al: Improved constraints 
on non-Newtonian forces at 10 
microns. 
Phys. Rev. D78 (2008) 022002

• Short-range modifications of Newtonian gravity.

Tests of General Relativity
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Measured Orbital Parameters for B1913+16 System

Fitted Parameter Value

ap sin i (s) . . . . . . 2.341782 (3)

e . . . . . . . . . . . . . . . 0.6171334 (5)

T0 (MJD) . . . . . . 52144.90097841 (4)

Pb (d) . . . . . . . . . . 0.322997448911 (4)

⇥0 (deg) . . . . . . . . 292.54472 (6)

h⇥̇i (deg/yr) . . . . 4.226598 (5)

� (s) . . . . . . . . . . . . 0.0042992 (8)

Ṗb (10
�12

s/s). . . �2.423 (1)

... The measured rate of change of orbital 
period  agrees  with  that  expected  from 

the  emission  of  gravitational  radiation, 

according to general relativity, to within 

about 0.2 percent. ...

1993 Nobel Prize  
in Physics

Russell A. 
Hulse

Joseph H. 
Taylor Jr.

Weisberg, Nice & Taylor (1011.0718)  
Astrophysical Journal, 722, 1030-1034 (2010)  

dPb/dt = -2.4184×10-12 s/s

The Hulse-Taylor binary pulsar
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The Double Pulsar: PSR J0737-3039A/B
PSR J0348+0432:  A binary system with a 
pulsar and a white dwarf

Agreement with General  
Relativity to 0.1%!

Non-linear Regime, but Weak Field!

Other (recent) Pulsars
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[From: Damour, arXiv:0705.3109]

s ≤ 1
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• Binary	pulsars	contain	strong	gravity	
domains.		Therefore,	they	allow	for	
tests	of	the	strong-field	regime	of	
gravita(onal	theories.

• This	can	be	done	in	a	phenomelogical	
way	by		using	a	set	of	Keplerian	and	
post-Keplerian	parameters	for	the	
dynamics	of	the	binary	pulsar.

• In	General	Rela(vity	(and	also	in	
scalar-tensor	theories)	the	post-
Keplerian	parameters	can	be	wriden	
in	terms	of	the	Keplerian	ones	and	the	
two	masses	of	the	binary.	

• The	measurement	of	a	post-Keplerian	
parameter	produces	a	line	(band)	in	
the	mass	plane.		Then,	measuring	N+3	
post-Keplerian	parameters	yields	N+1	
tests	of	gravity.		

Tests of General Relativity with Pulsars
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• Tests with pulsars: PSR J0737-3039A/B, the only 
known double pulsar.  Tests of GR to the 0.05% level.

Tests of General Relativity with Pulsars
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• GravitoMagnetism: Gravity Probe B 
(NASA+Stanford)

•In General Relativity, not only 
mass produces gravitational 
fields, but also the linear and 
angular momentum of matter.  
Those gravitational fields 
produce effects similar to 
magnetic fields: Gravito-
magnetism.

•In particular, rotating matter 
drags inertial reference 
systems (Lense-Thirring 
effect) around it.

•In addition, if the reference system is also rotating (spin), 
there will be also precession of the spin (geodetic precesion).

Tests of General Relativity
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• GravitoMagnetism: Gravity Probe B
•Gravity Probe B (NASA+Stanford) consisted in an experiment 
(2004-2005) to measure these two effects (Lense-Thirring and 
geodetic precession)

Tests of General Relativity
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•After many difficulties, the results obtained agree with General 
Relativity with a precision of 0.3% (geodetic precession) and 
20% (Lense-Thirring).

• GravitoMagnetism: Gravity Probe B
Tests of General Relativity
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Towards Extreme Gravity
• What is Extreme Gravity?  Let us use two 
figures of merit

• Spacetime curvature associated with a particular 
physical phenomena:

⇠ ⌘ GM

R3c2
⇠ 1

`2

• Newtonian Potential (dimensionless):

" ⌘ �Newtonian

c2
⇠ GM

Rc2
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• Let us use the first one (Newtonian Potencial)
• Gravity in the Solar System (perihelion advance, frame 
dragging, time delays, etc.):  

�Newtonian

c2
=

GM⇥
c2 1AU

� 10�8

• Gravity with Pulsars:

�NS
Newtonian

c2
⇠ GMNS

c2 rNS

⇠ 10�1 �Binary

Newtonian

c2
⇠

GM�

c2 rperiastron
Hulse�Taylor

⇠ 10�6

• Gravity with neutron stars and black holes:

�Newtonian

c2
⇥ GMMBH

c2 (a few rHorizon)
⇥ 10�1 � 1

Towards Extreme Gravity
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Baker, Psaltis, and Skordis (2015)  

Black Hole  
Horizon

Towards Extreme Gravity
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From: Kip Thorne

Post-Newtonian 
expansions are good 
enough to describe 
the slow inspiral.  
The Phase of the 

waves is known to 
order 3.5PN, that is, 

to order (v/c)^7.

This stage has to be 
described using 

Numerical 
Relativity 

(Numerical solution 
of the full vacuum 

Einstein equations).  
Breakthrough in 

year 2005.

The system here 
resembles a 

perturbed single 
Black Hole. The 
evolution can be 

followed using BH 
perturbation theory 

(evolution of 
damped sinusoids, 
i.e. Quasi-normal 

modes).

Fundamental Physics with Massive Black Hole Mergers
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• High precision measurements of Strong Gravity 

Inspiral Phase 
(post-Newtonian)

Merger 
(Numerical 
Relativity)

Ringdown 
(Perturbation  

Theory)
Thousands of cycles at SNRs 50-1000.  

The phase carries information about 
the propagation of the Gravitational 
Waves 

Can test theories of gravity that 
predict massive gravitations, improving 
present bounds.

Short bursts of Gravitational Waves in 
the non-linear regime of General 
Relativity.  

It is a very energetic event with a 
power corresponding to ~ 1022 times 
the power of the Sun.

The asymmetric remnant after the merger settles down to a 
single (Kerr) Black Hole.  In this “relaxation” process the 
system emits Gravitational Waves that are combinations of the 
QuasiNormal Modes (QNMs) of the final Black Hole.

The QNMs, according to General Relativity, only depend on the 
Mass and Spin of the Black Hole (no hair conjecture).

The identification of two QNMs provides a test of the 
geometry of Black Holes (are they really Kerr Black Holes?).  
The QNM spectrum is sufficiently rich to allow for distinction 
of different object.  eLISA will measure several QNMs with 
sufficient SNR to carry out these tests.

Fundamental Physics with Massive Black Hole Mergers
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Tests of General Relativity with GW150914

Double	Pulsar	
constraint	superimposed
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Tests of General Relativity with GW150914

•However,	this	is	worse	 
than	limits	from	(model	  
dependent)	galaxy	 
cluster	and	weak-lensing 
measurements	
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• In the present Universe star formation rate and AGN activity are 
declining.  As a consequence, we observe a population of quiescent 
massive black holes. The current census comprises about 75 massive 
black holes out to z < 0.03 (e.g., Sgr* A in the Milky Way).

• The Milky Way Black Hole has a close young stellar population 
contrary to our expectations, as star-forming clouds are expected 
to be tidally disrupted.

• LISA will probe the neighborhood of quiescent black holes using 
EMRIs:  A compact star (a neutron star or a stellar mass black hole) 
captured in a highly relativistic orbit around the massive black hole 
and spiralling through the strongest field regions a few 
Schwarzschild radii from the event horizon before plunging into it 

Extreme-Mass-Ratio Inspirals (EMRIs)



Carlos F. Sopuerta (Institute of Space Sciences, ICE-CSIC & IEEC)
2nd ICE Summer School: Gravitational Wave Astronomy (2-6 July 2018)

• LISA will detect EMRIs with an SNR > 20 in the mass interval for 
the central black hole between 104 < M/M⊙ < 5 x106 out to redshift 
z ~ 0.7, covering a co-moving volume of 70 Gpc3, a much larger 
volume than current observations of dormant galactic nuclei.

• The signals are long lasting (1-2 yrs) so that the SNR is built up as 
the contribution of many cycles (~ 105 cycles during the last year 
before plunging into the central black hole).

Extreme-Mass-Ratio Inspirals (EMRIs)
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• Long and complex signal that carries very precise information 
about the gravitational multipole moments of the central Black 
Hole.

• LISA measurement of EMRI signals will provide the best tests of 
deviations from the Kerr geometry of General Relativistic Black 
Holes (boson stars, gravastars, etc.).

• LISA measurement of EMRI signals will also test alternative 
theories of gravity like Scalar-Tensor theories, Chern-Simons, 
higher-dimensional models (braneworlds), etc. 

Extreme-Mass-Ratio Inspirals (EMRIs)
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•	The	gravita(onal	wave	emission	and	the	inspiral	dynamics	is	fully	
determined	by	solu(ons	of	Einstein	Equa(ons.

G↵� = 8⇡G
c4 T↵�

•	In	General	Rela(vity,	provided	the	no-hair	conjecture	is	true,	
black	holes	are	described	by	the	Kerr	gravita(onal	field/geometry,	
which	is	fully	determined	by	the	mass	and	spin	(in	the	
astrophysical	scenario).

AR: Axis of rotation; E: Ergosphere; EH: Event Horizon, and  
SL: Static Limit; S: Singularity.

 Testing Strong Gravity within General Relativity
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"The black holes of nature are the most perfect macroscopic 
objects there are in the universe. They are the most perfect 
almost by definition since the only elements in their 
construction are our concepts of space and time. And since 
the general theory of relativity provides only a single unique 
family of solutions for their description, they are the 
simplest objects as well”


".

Subrahmanyan Chandrasekhar (Physics Nobel Prize 1983):  
 Testing Strong Gravity within General Relativity
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•	The	orbital	mo(on	is	locally	characterized	by	three	fundamental	
frequencies:	
fr : Frequency of Radial Motion (from apoapsis to periapsis and back)

f✓ : Frequency of Polar Motion (Oscillations of the orbital plane)

f' : Frequency of motion around the spin axis

•	These	frequencies	evolve	in	(me	due	to	the	gravita(onal	
backreac(on	(a.k.a.	radia(on	reac(on)

h+,⇥(t) =
X

k,l,m

h(k,l,m)
+,⇥ e2⇡ i [kfr(t)+lf✓(t)+mf'(t)]

 Testing Strong Gravity within General Relativity
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• With	all	these	assump(ons	we	can	to	detect	EMRIs	and	determine	
their	physical	parameters.		The	parameter	error	es(ma(ons	are 
[Barack & Cutler, PRD, 69, 082005 (2004)]:

�(lnM•) , � (lnm?) , �

✓
S•
M2

•

◆
⇠ 10�4

�e0 ⇠ 10�(3�4) , �

✓
ln

m?

DL

◆
⇠ 10�(1�2)

•For	EMRIs	with:

M• = 106M� , m? = 10M� , SNR ⇠ 30

 Testing Strong Gravity within General Relativity
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• Within	General	Rela(vity	we	can	test	the	Kerr	Hypothesis: “The 
dark, compact and very massive objects sitting at the 
galactic centers are stationary BHs described by the Kerr 
solution of General Relativity”.
•	But	to	perform	such	tests,	we	need	to	consider	models	that	
consider	alterna(ve	geometries	to	Kerr.	

•	A	quite	general	approach	is	to	consider	sta(onary	and	
axisymmetric	(and	asympto(cally	flat)	geometries.	

•The	exterior	gravita(onal	field	of	
these	objects	is	completely	
determined	by	a	set	of	mul(pole	
moments.

 Testing Strong Gravity within General Relativity



Carlos F. Sopuerta (Institute of Space Sciences, ICE-CSIC & IEEC)
2nd ICE Summer School: Gravitational Wave Astronomy (2-6 July 2018)

•	For	Earth’s	gravita(onal	field:

V (~r ) = �G
X

` ,m

M`m

r`+1
Y`m(✓,')

M`m : Multipole moments

GOCE can measure up to

`MAX ⇠ 200

•	For	a	Kerr	BH	in	GR:	There	are	two	sets	of	moments:

M` + i J` = M•

✓
i

S•
M• c

◆`

•Different	measurements	of	mul(pole	moments	provide	different	
tests	of	the	Kerr	hypothesis.

• Kerr	Hypothesis:	“The exterior gravitational field of the dark, 
compact and very massive objects sitting at the galactic 
centers can be well described by the vacuum, stationary, and 
axisymmetric solutions of General Relativity whose multipole 
moments satisfy the Kerr relations”.

 Testing Strong Gravity within General Relativity
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• This	program	was	pioneered	by	Ryan	[Ryan, PRD, 52, 5707 (1995); 56, 
1845 (1997)]:

•This	uses	quasi-circular	and	quasi-equatorial	orbits.		The	conclusion	
is	that	a	LISA-like	detector	may	be	able	to	es(mate	3-5	moments	
(1-3	tests	of	the	Kerr	hypothesis).

 Testing Strong Gravity within General Relativity
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• Barack	&	Cutler	extended	their	study	[PRD, 75, 042003 (2007)] to	
consider	a	central	object	with	a	mass	quadrupole.	The	error	
es(ma(ons	for	this	parameter	(using	generic	orbits)	are	in	the	range:

which	is	a	considerably	beder	error	es(mate	than	Ryan’s	es(mate.

�

✓
M2

M3
0

◆
⇠ 10�(2�4)

 Testing Strong Gravity within General Relativity
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•	Again,	to	test	General	Rela(vity,	we	must	use	models	that	consider	
non-GR	dynamics	for	EMRIs.		

•	The	Landscape	of	Theories	of	Gravity	is	very	rich...

•Not	all	theories	are	
suitable	to	consistently	
study	EMRIs.

 Testing Strong Gravity beyond General Relativity
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•	EMRIs	in	Scalar-Tensor	theories	[Yunes, Pani & Cardoso, arXiv:1112.3351]:	
Radia(on	of	the	scalar	field	can	produce	significant	changes	with	
respect	to	GR	(floa(ng	orbits).	 

•	In [Gair & Yunes, PRD, 84, 064106 (2011)] EMRI	waveforms	a	la	Barack	&	
Cutler	for	EMRIs	with	bumpy	metric	and	modified	gravity	theories	
have	been	constructed.		

 Testing Strong Gravity beyond General Relativity

http://inspirehep.net/author/Yunes%2C%20Nicolas?recid=1081636&ln=en
http://inspirehep.net/author/Pani%2C%20Paolo?recid=1081636&ln=en
http://inspirehep.net/author/Cardoso%2C%20Vitor?recid=1081636&ln=en
http://inspirehep.net/author/Pani%2C%20Paolo?recid=1081636&ln=en


Conclusions
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• LIGO has inaugurated the Era of Gravitational Wave 
Astronomy in the High-frequency Band.  

• There are great expectations for the direct detection of 
Gravitational Waves within the present decade (Ground Based 
detectors and PTAs). 

Conclusions

• The L3 mission of ESA will be devoted to Gravitational Wave 
Astronomy in the Low-frequency Band.  LISA Pathfinder has 
demonstrated the technology.
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Many Thanks for your attention!


